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Background

Let A be a fin. dim. algebra over a field K.

2-psilt A := {basic 2-term presilting cpx in KP(projA)}/=.
In the study of 2-psilt A,

the Grothendieck group Ky (proj A) naturally appears.

For each U = B, U; € 2-psilt A with U; indec.,

we define silting cone in Ko(proj A)r by C°(U) := 2| Roo[U;].
Silting cones are TF equiv. classes defined by

semistable torsion pairs of [Baumann-Kamnitzer-Tingley].
It is sometimes useful to consider

2-psilt;; A := {V € 2-psiltA | U € add V}.

To relate 2-psilt;; A and TF equivalence,

| (Asai) introduced the interval neighborhood Ny > C°(U).
lts closure Ny is a rational polyhedral cone in Ko (proj A)g.
Today, we talk on the faces of Ny.
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Setting

Let A be a fin. dim. algebra over a field K.
® proj A: the category of fin. gen. projective A-modules.
* mod A: the category of fin. dim. A-modules.
* Ko(C)r := Ko(C) ®z R: the real Grothendieck group.
Ko(projA)r = P, R[P;] = R".

® Pi,..., P,: the non-iso. indec. proj. A-modules.
* Ko(modA)r = P, R[L;] = R".
® Li,..., L,: the non-iso. simple A-modules.

® [;is the simple top of P;.
Each 6 = Y7, a;[P;] € Ko(proj A)r gives an R-linear map

0: Ko(mod A)r — R;

Zb Za :b; dimg Endy (L;).

i=1
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Presilting complexes

Definition [Keller-Vossieck, Adachi-lyama-Reiten]

LetU = (U™! — U e KP(proj A) be a 2-term complex.

(1) U: 2-term presilting :== Homs 105 4) (U, U[> 0]) = 0.
(2) U: 2-term silting :<= U: 2-term presilting, |U| = n.
2-psilt A := {basic 2-term presilting complexes}/=.

2-silt A := {basic 2-term silting complexes}/=.

Definition

Let U = ., U; € 2-psilt A with U;: indec.

We define the silting cones C°(U), C(U) in Ko(proj A)gr by

C°(U) = Y RolU],  C(U) = ) RsolUy].
i=1 i=1
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TF equivalence

Definition [(1) Baumann-Kamnitzer-Tingley, (2) King]
(1) We define the semistable torsion pairs (7 ¢, F9) and (73, F¢) by

To:={M emodA | 6(N) > 0 for any quotient N of M},
Fo:={M emodA | (L) < 0 for any submodule L # 0 of M},
Tg :={M € mod A | 6(N) > 0 for any quotient N # 0 of M},

Fo:={M emodA | (L) < 0 for any submodule L of M}.

(2) Wy :=Ton Fo: the ¢-semistable subcategory.
Wy is a wide subcat., so [Ty, 7 ¢] is a wide interval.

Definition
0,6 € Ko(projA)r are TF equivalent ;==

(To.Fo) = (To.For), (0. F6) = (Tor, F o).
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Presilting cones are TF equiv. classes

Proposition [=: Yurikusa, Briistle-Smith-Treffinger, <: A]
Let U € 2-psilt A.
Then, C°(U) is a TF equiv. class such that 6 € C°(U) <

(To.Fo) = (“H™' (vU), Sub H™' (vU)),
(76, T ) = (Fac H*(U), H'(U)*).
H°(U) is a 7-rigid module, H~'(vU) is a v~ !-rigid module.
Definition
For any U € 2-psilt A, we set
(Tv.Fv) = ("H™' (vU). Sub H™' (vU)).
(70 Fv) = (Fac H(U), H(U)").

[70, T v] is a wide interval.
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Interval neighborhoods of silting cones

We want to study 2-psilt;; A := {V € 2-psiltA | U € add V'}.
Definition
For any U € 2-psilt A, set the interval neighborhood Ny > C°(U) by

Ny = {0 € Ko(projA)r | H(U) € T5, H'(vU) € F}
= {0 € Ko(proj A)r | [75. T 6l < [T, T ul}.

Lemma
Let U,V € 2-psilt A.
(1) Ny is an open neighborhood of C°(U).
(2) Ny is given by fin. many linear strict inequalties.
(B) UeaddV = [F.Tv]c [T0.Tuv]
— C°(V) c Ny & Ny C Nyg.
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The minimality of interval neighborhoods

Lemma

Let U € 2-psilt A.

Then, Ny is the smallest set satisfying
(a) Ny is a neighborhood of C°(U);
(b) Ny is a union of TF equiv. classes.

=

Each black line & light red triangle is a TF eq. class.
The red lines are the boundary of Ny,
so they don’t belong to Ny, since Ny is open.
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The closure of interval neighborhoods

We also focus on the closure Ny ¢ Ko(proj A)x.

Lemma

Let U,V € 2-psilt A.

(1) Ny = {6 € Ko(proj A)p | HO(U) € Ty, H'(vU) € Fo}.
In particular, Ny is a union of TF equiv. classes.

(2) Ny > C(U).

(3) Ny is a rational polyhedral cone in Ko(proj A)g.

(4) U V: presilting &= NyNNy #0 < C(V) C Ny.
In this case, Nygy = Ny N Ny.

By (3), we can consider the faces of Ny;.
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Faces of N

Let U = B}, U; € 2-psilt A with U; indec.
Forany I c {1,2,...,m}, wesetU; := P, U;.

Definition-Proposition [A-lyamal]

Let F € Face Ny,.

(1) FnCWU)=CU/U;.),where I :={i e {1,...,m} | [U;] ¢ F}.
(2) Ifdimg F =n—1,then #Ip = 1.

(8) Forany I c {1,2,...,m}, we define

Facef Ny := {F € Face Ny | Ir = I}.

Then, we have a (not necessarily convex) subset

oy = U F:N_U\UNUiCN_U-
FeFace) Ny iel
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Ny and t-tilting reduction

Fix U € 2-psilt A, and consider 2-psilt;; A
Take S € 2-silt A such that 75 = 7y, and set B := End4 (H°(S))/(e),
where ¢ is the idempotent H’(S) — HO(U) — HO(S).

Proposition [Jasso]

(1) There exists a cat. eq. @: Wy := Ty N Fu — mod B.
(2) There exists a bijection red: 2-psilt;; A — 2-psilt B.

Proposition [A]
There exists a linear map n: Ko(proj A)r — Ko(proj B)r such that
(a) The restriction |y, is surjective, and Ker 7 = RC(U).
° fS= U@EB] a1 Sy, then ([S;]) = [PB ) € Ko(proj B)g.
(b) VO € Ny, ©(To N Wy) = Tz6), P(Fo N Wy) = Fr(o)-
® {TF eq. classes in Ny} = {TF eq. classes in Ky(proj B)r }-
(c) VV € 2-psilty A, n(C°(V)) = C°(red(V)).
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Main result 1

Theorem 1 [A-lyamal]

Let U = @, U; € 2-psilt A with U; indec., and I c {1,2,...,m}.
Set X; := {n(F) | F € Face} Ny}.

(1) minduces a bijection

Facef Ny — X
F — n(F)

N o)nd — o
(2) VF € Face} Ny, dimg n(F) = dimg F — #1.

(3) X, is a finite rational polyhedral fan covering Ko (proj B)g;

(@) Yo € Xy, Faceo C .
(b) Vo1,Yo, € 24, o1 N o € (Face o) N (Face o).
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M-TF equivalnce

Forany M € mod A and 6 € Ky(proj A)g,
we have unique short exact sequences

0—>ng—>M—>ng—>0 (EQMG?@, ngE%),
0%t9M—)M—>f9M—>O (thET, ngE?g).

Moreover, we set wgM = tyM [t¢M € Wy =T N Fo.

Definition (cf. [Aoki-Higashitani-lyama-Kase-Mizuno])

Let M e mod A, and 6,6’ € Ko(proj A)r.

Then, we say 6, 8" are M-TF equivalent if

(@) tyM =ty M and wyM = wg'M and fyM = fo M; and

(b) The compos. factors of wyM = wg M in Wy and ‘W) coincide.

We set (M) := {the closures of all M-TF equiv. classes}.
X (M) is a finite rational polyhedral fan covering Ky (proj A)g.
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Main result 2

Theorem 2 [A-lyamal]

Let U = B}, U; € 2-psilt A with U; indec.
Then, there exist My, M», ..., M,, € mod B such that

VIc{1,2,...,m}, z(@M,-) =3

Take the max. and min. completions S, T € 2-silt A of U.

O 7_’5 = ?U, 7_71" = ?U-

e S=P, S, T=P, TiwithS; =T, = U, fori € {1,...,m}.
Take the 2-term simple-minded collections
X = (X)L, and Y = (V;)!, corresponding to S and T
We have the triangle W; — Y; — X; — W;[1] with W; € ‘W),.
Set M; := ®(W;) € mod B.
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Thank you for your attention.

sotaasai@g.ecc.u-tokyo.ac. jp
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