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Notation

k : gebraicallyclosed field
A : finitedimensional k -algebra
modA : thecategoryofrightA -module of finite dimension
- projA : the SuttsubategoryofmodA consisting of projectives

For MEmodA .

. DM : the k -dual M

. IMl : the berof noniso.indec. summands of M

CM : the Auslander - Reiten translate of M
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c -Tlting theory and t-titing finite algebras

Classical derived equir.

tilting theory itting modules ～. algebras

e - tilting theory

support 1 : 1 2 - ferm

τ - tilfing modules
く >

silting complxes over symmetric
algebras

UI

2 -ferm
≈
derived equir.

tilting complexes algebras



Def.MEmodA is a support c -tiltingodu le
:⇒M: c - rigid, ie. Homn (M .

cM ] = 0 .1 ape proz Λ , Homm ( P . M) = 0 and IPlt 1 m = 1 n 1 .
st-tiltA ÷ { basicsupporte - titing odulesoverA}/iso

Example chark = 3
,
A . :=Kos ≡ K{ 2] / laba . bab )
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Def
.

. MEmodAis abrick: Endr (M) ≡ k
- brickA := { bricks over Λ }/iso

Def
.

A is c- tilting finite :> # sc-tiltAc ∝

Prop . [ Demonet - Iyama- Jasso] TFAE
(a) A is c-tilting finite .

( b ) # brickAc ∞ .

( c) Every torsion assinmods isfuntoriall, finite .



Remark

← {A aap : surj . alg. hom .

> A : c - tilting infinite .

p : e-titing infinite

A : -kQ (Q : acydic quiver ) :-tilting finitesQ : Pynkin.

We can show -tilt .inf . by the shape of quivers in some cases .

く θ >
へ 毆 具

e
. g ? A := k 1 v ] 》 k [ √ ] : e-tiling infinite

☆
e

> .
~ ② ☆〈 ⑦

∴
. A : c- tilting infinite arbitrary (admissible ) relation



Question Does derived equir .preserve-tiltingfiniteness?

, It 's false in general ,
but no counterexamples are found oversymmetricalg.
Moreover

,
it
'
s shown to be true for the following cases :

[ (Miyamoto -Wang ] symmetric alg. of polynomial growth{ [ Adachi -Aihara-Chan]Bravergraphalg. - symmetric
If e - tilting finiteness of symmetric alg . is invariant under

derived equiralences , then
c

-tiling finiteness implies

tilting connectivity over symmetric alg . [Aihara -Mizuno}
UT

.K : tilting CPX. ,T .isobtainedfromT 2byirredble mutations .
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c -Tilting finite group algebras

p := chark 20 ,
G : finite group , I : Sylow p - subgrp . of G

group algebras KG

τ - tilting finite
[EJR] I7 ⑨

tame
p=2 n figen . quaternion ,

idhedral
,
or semidihedral

rerepsenatiton initef
Ricyclic

Auestion What controls c -tiltingfinitenessof kG ?



Remark τ -Tilting finiteness of a group algebra kG
is NoT determined by its Sylow p

-subgroup f .
e . g . ) k [ CpxCp ] : c- tilting finite .

k { (Co × Cp )AC2 ] : t- tilting infinite for tp± 2 .

sending to the inverse

efD
. We call INOP(G ) aphypfoca subgroup of G ー

the smallest nrmalsubgrp. of G sit , its uotientis a p
-group

G R OP(G) FNOP(G)

e . g .)
CPXCP CpXCP 1 1

CP( × CP) AC2 Cp × CP (CP×C,)ACz Cp ×CP



R : RNOP(G) : a pherfocayp I subgroup of G

Prop . [ Koshio - Kozakai ]
KOP (G) : c-tiltingfinite 3KG :c -tiltingfinie .

Cor
. KG is c - tilting finite if one of the Following holds :
a) R is cyclic .

bb) p = 2 and Ris dih
.
,semidih ,orgen

.quat .

) since R is a Sylorp-subgrp . of OP(G) ,
() or (b) ⇒ KOP(G] : tame ⇒ KOP(G] : τ- tilt fin

.

> KG :τ-tilt
.
fin

.

Our conjecture The converse of Cor
.

holds
.



Thm
. [ t -Kozakai ]? : abelian p

-

group ,

H : abelian p'
-
group acting onf , G : FoH

.

Then KG is c -tilt .finiffoneofthefollowing holds :
( al p = 2 and R is trivial or CaxC 2 .

bb) p 23 and R is cyclic .

( pigroup := group whose order is coprime to p . )

Remark In the above setting , R= [ F , iH ]
.

R can not be nontrivial cyclic if p = 2 .

.
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sketch of proof of Thm . G : RoH 1 I : ahlian p grp . )H : abelian p

-
grp .

We know the qiver andrelationsforkG.

Then we can take -tilt , inf. quotient algebras of kG

such as k { . ? .}
,
kl

.

"

: ) ,
k ( :

.
]. …

e . g .) ｡ k [ ( cp × Cp) AC2] ≡ k * } . λ k { . 3 . ] (p 23)

｢

｡ k [《 _)3sC,] ≡ K lん
泫
問
Or 1 》 k l

1

v

ス

1L 22. 53 .
.

v ∠ v( P = 2 ) ｣ 3 4,

] .

h ｣ 3 4



｡ p = 2 , G : = (Cze )
"

ACs
<a>×<b> < C>

ciayb>aib- l

K[.
^

} k ( ､; ] [922] :-tilr. inf.
KG ≡ α

}

(
2β -x,se ) {k] (α

々

(l = 7 ) : c- tilf . fin .
( α2α ､)



Remark The above method does not work in general .
e . g . ) p 25 , G := (Cp )3053

permuting entries
曰

KG Morita ～k[1さ30] ～
We cannot construct any -tilt . inf. path alg . as quotients of kG .

But KGisc -tilting infinite by the following :

Thm
.
[ t] Let H be a subgrp . of 5n .

If pezn and

KH 1 zmin {p 33 , Hen k( Cpe)
^

oH] is c - tilting infinite .
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. Why we consider K[ IAH ]( ? : p -grp., Hip -grp)

G : finite group , I : Sylow p - subgrp . of G

BolkG) : the principal block of kG
block of kG . =indec .summandof KG as a KG -bimodule .
the principal block of kG : =theuniqueblock BofKGst .

KGB キ 0 .

(Ka : trivialKG -module)

Broue's Abelian Defect Conjecture If f is abelian , then

Bo (KG ) and Bo (kNG (R} ] are derived equivalent .

Remark By the Schur -
'

Zassenhaus theorem ,

aH : p' -subgrp .ofNG(I )s. t .NG(R ) = FAH



cmentioned inS 1

Conjecture =
- Tilting finiteness of symmetric alg .

is inariant under devived equivalences .

If we assume that . the above conjectures hold
,
and{ . ? is abelian , toostrong assumption .

then our conjecture can be reduced to the case G= folt
.

Our conj . If f is abelian
,
then KG is c- tilting finite

iff a p - hyperfocal subgrp . is cyclic or C2 xC2 .


