
Auslander - Reiten ' s Cohen - Macaulay algebras and Contracred prepojective algebras
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. Marczinzik )

[ AR 1991 ] Coben- Macaulay and Gorenstein Artin algebras
↴

Istrodoce non- comm.
version of → almost forgoten

Commutative : regulan ⇒ Gorenstein ⇒ Cohen- Macaulay rings
gl. dimAc∞ injidimA < i∞ deptht = Krull dimA

A : Noeth . ring p
<∞
(A) : = { XEmodAl proj .dimaxc ∞ }

IC∞ (A) { inj . dim }

Def A - bimodule W is called a dualizing module of A

clef

印 WQ
- : PC∞ (A ) = ICO (A) : HomA (w ､

- )

In this case ,
call A Cohen- Macaulay (CM )

def

区 の [Sharp] に
CM localring A (A kdima = deptha ) withcanonical module w

is CM in the sense above
,
w is a dualizing module

② Iwanaga - Gorenstein rings A ( ⇒ p<∞A) = I
'

CA) areprecisely

CM rings with dualizing module A

In the rest
,
A : fin .

dim alg . / field k

Def UE mod A : otiting I ① inj . dimAUC∞ ② Exs ( U .
U ) = 0 Vizl

③ a
exact O→ Un→ … → Vo→ DA→ 0

ー

addU

CotitA : = { coriltingA -modvles } / : poset

Ψ def

U ､ V UZV ⇒ (U .V ) = 0 Kizl

Rem cotilt A has a minimal lem.DA, does not necessarily has a max , lem

Pop CAR] A - bimodule W is dualizing ⇒
P

AWisa max.elem, ofcotifA. A→ End ( AW) aty ( wewa)

, WA cotilfAP
,

A｣ End (WA) an lwtsaw )

OP

In this case
,

fin .dimA = ing .dimWA = ingdimAW = findimA
ii ぃ

sup { pror . dImAX 1 XE PEOCA) } sup { ing . dimAX 1 XE ICOLA'}

The proof is based on Auslander - Reiten correspondence

( KonigYang corvesp. の 原型 の 1つ ]



ョ

UE Co+iltA 5≤ t (contrar. fin . resol ,subcat, ofmodAstx,(modA) }
ato

へ

t 4
{
yf cor. fin .

coresol
. subcat

.
of modA stLC I 'CA)} a I )' = adU

返 の fin . dim A = 0 手 SocAA : sincere } E⇒ A : CM with dualizing mod DA
fin

.
dim AP = 0 (⇒ socAA : sincere

② A .
B : CM ⇒ AQB : CM

No other CM algebras seem to be known
.

D. Dynk'mdiagramI : preprojective algebra of typeO

JCD 0 .

e : = Ʃ ei T110 . J ) : = eπe : contracted prepojective algebra
iε J

EX D = A5 π= K [ 1 感 2さ 3才 4さ 5 ] / ( 2 (a*-a
*
a ) )

J = { 1 , 2 ,43 占
40 じ 説線 畿 ∞る

Pi P2= 14 P4= Iz II

Thm [ CIMJ D : Dynkin ,
JCD0 . A : = π (0 , J )

の A is a CM alg ,offindimA = 0 if Jm = φ{ 2 キ 中

② A has a dualng moduleµIo µIm (DA) ( = DA if fin -
dimA = 0 )

µIm : simultaneous mutation at Jm

L : 202 20 : Nakayama perm .

of π

Jε
: = { iε J (

≡ path in O i
- i- " ie^ - ie ε UJ) : fwzen vertices
～ }

l2O 打

Im : = 51If : mutable vertices
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UIUI( DA)= 2 ☆ Irわ I4

sketch I is the Aus
. alg .of J. GR ,

where R is a simple singularity R of dim 2

2

A = Ends(aX) ConstmctUIm
(
DA)byusingapproximation triangles

Use t- Cr and 2- periodicity [27 = id of J



Def A : CM alg .

with duakzing mod . W , d =findimt

CMA : = Ws 0 = { XE modAl k: x 0
.Et( x .w ) = 0 }

Fact ⑥ (CMA ,
ICGCAs ) : cotorsion pair corresp .

to W Via AR corresp .

D CMA 32cmodA)

② CMA = 2
d
(modA) ≤ A is Iwanaga- Gorenstein ( ie

.
W = A )

Question [AR3 Does the converse of ② hold ?

Answer ョ
many counterexamples

Thm [CIMJ Assume

の Ja = L(J5 ) ≤ J

② t conn .comp CofOJt
,
at least one of CMIm and UC)nIm is Ψ

⇒ fin
.
dim A = 2 = dom ,dimA ⇒CMA = (modA)

If moreover( 2.Jf) キ ( Ain-. .

{n} ) , then A is not Iwanaga- Gorenstein


