ON THE PRINCIPAL 3-BLOCKS OF
THE CHEVALLEY GROUPS G- (q)

Yoxko UsAaMI

ABSTRACT. Assume that ¢ is even and
g=4or 7 (mod?9).

Then the principal 3-block of G2(q) and the principal 3-block of G2(4) are Morita
equivalent. Here a A(P)-projective trivial source G2(4) x G2(g)-module and its
O-dual induce this Morita equivalence as bimodules, where P is a common Sylow
3-subgroup of G2(4) and G2(q) and A(P) = {(z,z) € G2(4) x Ga2(q) | =z € P}.

1. ¢

1.1. G BRI E T2, O Z5elfRfEBR & L, K I3EED0 TH % 2 Ok, k
B > 0 THLZORRKLE L, FLELLLTHREVET S, kBIUK
DG DETDOWIRHIIH L T REVEEZ, (K,0,k) 113G DRTOEITHHIIH LT
splitting p-modular system & > 9, #ER OG ZEFFIMHEI A 77 VoML 72 & T
(B Z2NZFNOEMRMEA T 7z p-7ay 7 LS (BB EG TEZABI LD
H5,) B OG-module 1 ENDD p-7 0y 7 D module & ARETZEDTHY 7
BT Ewvubitd, FED KG -module & O-free OG-module 2> & fREERLIR T 5 1
%, trivial OG-module DJET p-7 0y 7133 (p-) 70 v 7 EWENS, £7p-7avy
7121%, defect group EWFIEN A p-BEDDEE D, FICEp-7u v 7D L ZIE, DIF
b & DD Sylow-p T HEE 22 5,

EE 1.2. S7ODHRE G & H 23 p-local structure ZH U 5% &) DIFRDSE
TEDSHR D 32D & ElITWv» 9,
(i) G & H I3 Sylow-p #7708t P 23HF 5,
(i) Q1 & QuE POFTRHET f: Q1 — Qu IFAMEBRET S, T5L TXRTDQ,
DI I LT f(x) =29 27T GDIL g DET B L EDDZDE ZIT
RS> TTRTDQ DLz I LT f(z) = 2" ZHi7=d H DILh DIEFEIET 5,

1.3. 22Tl p-7vv 7D module DE L) LDOFRED F O FREFMEICET L T
B ERELDL, ZOMBEREZRD2OOFHEBML THAEL T3, Pug
FRUE S &b L source algebra EEFRI LS S DIT K B [EfEERNIZ O VTR D
C Puig [Ffifi £ FEIXL 5 DS, Z4Ud Donovan PREZIARL b DL E b 265, F7
ARHFEZ 5- 2 % bimodule 23% 5 RWHEED L D THAUL, Puigllfis %5 2 &b
Puig, Scott IZ k> THIGN T %, ( Remark 7.5 [3], Theorem 1.6 [1] )

The detailed version of this paper will be submitted for publication elsewhere.
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Donovan F28 1.4. (1980 [2]) 52 6 7F K p & defect group D IZR LT, k LD
HELD D % defect group & L THFD p-7' 1 v 7 OFRHFEMEIZ A RME L 2> 72Tl
R\ ?

Puig F18 (DZEMAR) 1.5. (1999 [3]) Donovan PO OFRHFEEZ & D 5RY> Puig [H
fHICIEEHZ 72 D,

1.6. Lie MO HH#EL, AIRAGF(q) RICERI g 2E§ 2 LT, HRAIE 2D,
MilE g DZHEXE L TERIND, pHBZDOFHHEADFR KT (FIZIX, g—17%E)
ZHEIBLERT, p DEILCXRNEZTHIUL, p-local structure 1F ¢ IZHGFE TR D DI
BoTWBIENEH, ZN6DTp-7Hy 7 E9 LIFHRHEMEICIRD Z9) %DTH
%o q DIEITHFE L 7o\ EGEH T E U, ‘Donovan TROTMTENN B SN &
27 %, 72 2 CTHREFEMELE 2L, —DO DRI TORBEDELZZ /NI Vg D
NS OO EIURETE THGD X 113 —J7 Hiss, Kessar 13 GU,,(q) 72 EDET q %z
& L Xt n 282> L T unipotent 71 v 7 OFRMHFEMEE ( FiX Puig FMEER] ) =
ARATWD, [4]

1.7. ¢ 280§ 2 LI L THIRME GF(q) LD Chevalley #f G2(q) T 3-local structure %
HEHT2 &) BEREOHOBEZEZEZZDE3- 7y 7EOFLPMEZME TS 2 LI
T5, WE, M(3) Z{7% 27 exponent 3 D extra special group EMHENDE HD LT 5,
q? mod 9 T245 £ TICAEFD & FX, Goq) T M(3) & R D Sylow
3—4B/\ﬁ¥ Pzt P OIERBALEE L M (3) 126744 16 @ semidihedral group SDyg 2385
IAEH L 7220 FER & R % > T T, [ U 3-local structure ZFf> T3, T
FEMIZDTOEM1.8TH %5, FEEE. ROIHED bimodule THORRHFEE 7 O T Puig
FETH 2, UPEHISELVOZDAHD EZATIEp=3LW») T Litks,

Theorem 1.8. Assume that q is even and
g=4 or 7 (mod?9).

Then the principal 3-block of Go(q) and the principal 3-block of Go(4) are Morita equiv-
alent. Here a A(P)-projective trivial source Ga(4) x Ga(q)-module and its O-dual induce
this Morita equivalence as bimodules, where P is a common Sylow 3-subgroup of Ga(4)

and Ga(q) and A(P) = {(z,x) € G5(4) X G2(q) | = € P}.

Cor. 1.9. P 1.8 DM T T3 Hiss D [5] Table 1 (X&) 2 77151t D RAI<
TA=F—~ld1 bbb

2. EH 1.8 AEH T8

2.1. BLF ¢ 13 Theorem 1.8 DS 27z LT3 T 5, LAT Gaq) 2 G(q) EMEELT
5, IHITB(G(Q) FG(qDE3-7uy 735, £7 B(G(q)) & B(G(4)) D stable
equivalence of Morita type ( Definition 2.2 Z R X, ) ZICAEBHL TH 5| simple
modules DfTEH2HE% L, DL TN D Linckelmann DER ( Theorem 2.3 ) 2> Tif%
WICARHFEMETH 5 2 & ZFET 5,

Definition 2.2. ([6]) Let A and B be O-algebras, M (= gM4) a (B, A)-bimodule, and
N (= 4Np) an (A, B)-bimodule. We say that M and N induce a stable equivalence of
Morita type between A and B, if

(i) M is projective as a left B-module and as a right A-module,
(ii) NV is projective as a left A-module and as a right B-module,
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(i) M % N = B&® X for a projective (B, B)-bimodule X and N %) M=AaY

for a projective (A, A)-bimodule Y.
For k-algebras we define a stable equivalence of Morita type similarly.

Theorem 2.3. (Linckelmann [6]) Let G and H be two finite groups and b and b central
idempotents of OG and OH respectively. Set

A=OGb, B=OHY , A=k®o A and B =k ®0 B.

Let M be a (B, A)-bimodule which is projective as both a left and a right module, such
that the functor M ® o — induces a stable equivalence of Morita type between A and B.
Then the following hold.

(i) Up to isomorphism, M has a unique indecomposable non-projective direct sum-
mand M’ as a (B, A)-bimodule and k@ M’ is, up to isomorphism, the unique
indecomposable non-projective direct summand of koM as a (B, A)-bimodule.

(ii) If M s indecomposable as a (B, A)-bimodule, then for any simple A-module
S, the B-module M &4 S is indecomposable and non-projective as a B-module.

(iii) If for any simple A-module S, the B-module M ® 4 S is simple, then the functor
M ®4 — induces a Morita equivalence.

2.4. 22 TIREIZ B(G(g) £ B(GA) ZWwER DT 2D T%L, G(q) DREED
FektEZ I 2, 2% D G(q) (& SL(3,q) & FARAIIHZRE I 5 ICZ DK 2D
JER(N(q) MRS 2,) 2 X POYIL Z(P) DIEKMLEEE L TH> Z L 2FIHT
%, ZZTE3-7uy 7i#B(N(q), B(N(4)) I3 H ( Puig ) Ffi<Td % T & 133 3-
7uy 7 B(PSL(3,q)) & B(PSL(3,4)) »3%kH ( Puig ) FfET&H % £\ 9 Y] DEH
(EH25) 0B WTEL, ZLTH-IE5 B(G(q)) & B(N(q)) D stable eqivalence
of Morita type 252 2 RWIEH 2 $ D bimodule M, 2§ &%, (ZDLZX
LAN Broué EH ( Theorem 2.7 ) ZHMJHT %, ) %9 T2, B(G(q) & B(N(g)) «
B(N(q)) & B(N(4)). B(N(4)) & B(G(4)) ® stable equivalence of Morita type Z % 1
Z1 52 % bimodules Z 5 L T B(G(q)) & B(G(4)) D stable equivalence of Morita
type Z 5| Z ¥ %, Broué DEMZ i 2 {2 A2 7 Brauer morphism & FFXL5 b
@ % Definition 2.6 TEHAL TE L,

Theorem 2.5. (Kunugi [7]) Let G be the projective special linear group PSL(3,q) for
a power q of a prime such that ¢ = 4 or 7 (mod 9) ( so that a Sylow 3-subgroup Q
of G is elementary abelian of order 9 ). Let (K, O, k) be a splitting 3-modular system
for all subgroups of G. Then the principal 3-block A of OG is Morita equivalent to the
principal 3-block Ay of O[PSL(3,4)]. This equivalence is defined by an (Agy, A)-bimodule
M which is a A(Q)-projective 3-permtation O[PSL(3,4) x G]|-module.

Definition 2.6. ([8,9]) For an OG-module V' and a p-subgroup P of G, we set
(2.1) Brp(V) =V?/O _Tr{(Ve) + PVF)
Q

where V¥ denotes the set of fixed points of V under P and @ runs over all proper
subgroups of P and

(2:2) Tro(v) = Z v

zeP/Q
for a subgroup @ of P and v € V¥. ( P is the maximal ideal of O. )
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Theorem 2.7. (Broué [9]) Let G be a finite group with a Sylow p-subgroup P and
H a subgroup of G containing Ng(P). Assume that G and H have the same fusion
on p-subgroups contained in P ( that is, the same p-local structure ). Let b and b be
central primitive idempotents of OG and OH respectively for the principal blocks

A= 0OGb and B = OHV
( having a common defect group P. ) For a subgroup R of P, set
br = Brg(b) and b'g = Bry(V).

Let M be a (B, A)-bimodule and N be an (A, B)-bimodule. For each subgroup R of P
set

MR = BTA(R)(M) and NR = BFA(R)(N).
Assume that

(i) M is a direct summand of the restriction of A from G x G to H x G.
(ii) For each non-trivial subgroup R of P, Mg and N g induce a Morita equivalence
between kCq(R)bg and kCgx(R)V g.

Then M and N induce a stable equivalence of Morita type between A and B.

3. B(G(q)) & B(N(q)) D STABLE EQUIVALENCE OF MORITA TYPE Z5-2 %
BIMODULE

3.1. —#IC H 3G DHIRED & & OG 1Z £ OH-MFED» 24 OG-IEEE ATT v Y
VB ETOG-IMEFZ HICHIRL 720 OH-IM#F%Z G ~Fib BT T2@E %27
%, OG DI OH, OGDZNEFNTET 0y JXNEHELEDIF 5L, ET7uy 71T
BT 2b0%, HANHRLTETR Y ZIBET2b00RET Eh, GAFiE EIFT
PROE-Tay IR T25DDRKTHESZTEI LIS, 2ITG(Q 2D
HOHEN(q) DEITZDFE3-7Tuy I XREETLe & f 2> T fOG(q)e ®BET 5,
R%ZPD1THEWEEDETHEE LT, A(R) IZBI¥ % Brauer morphism Zffi L T &
)R L TR % & Broué DEEL (Theorem 3.2 [8]) I & > T fOG(q)e HEHD?
E A 7% vertex DEMEIKFEZDENNCDET 270 £ ) T EITHT 21HERBES N5,
( BZAIZ TS vertex AP DEBERNIKF M, ZFi> T T, ZNHDZ A D bimodule
E7%%,) fOGe ¥ A(R) IZA$ % Brauer morphism Z i3 & frkCq)(R)er &% %,
Z ZTeg, ?R xZzNnzn kJCG(q)(R), k‘CN(q)(R) DE3I- 7Ty D7y I XRXREELT
Hb, WAHNLD RTHL T, fOG(g)eld mnonprojective K& LTM, £€b 9 O
& D vertex D/NSWRKF2FFD I LD 5,

3.2. fOG(q)e 1FE I WIHHIRPRRSE LIFZ LTWwah, AT, WAWLAD permu-
tation module Z2fED 5> HIRL 72 s BiF72 0 LAads, 2odT M, HE M
ZANZHE LTV AR5, ( 2D L Z vertex A(R) D permutation module %3 vertex
R' @ permutation module % &£ A 7% vertex DEFEFIINELEDENNC T % 521 Mackey 77
fRTRTF 2B I L TESL, £7G(q) & N(q) DEITIFW L DD HED 3-subgroup
IZBY L T Green WIGDH 2IRUTH 2 Z L B HIITEZ 5, )
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4. SIMPLE MODULES DT &4

4.1. 22 T321XHmITTEI 51224 THHL % X 9 12H L TES bimodule 23A] % fif
BTN, 2D EF INDSexact sequence % exact sequence IZE T Z & ZHH)
AT %, 7205 F 7 trivial module ® X 9 IZffiHi 72 simple module S fifj i 2 i D
permutation module DT E L2 RO TE VT, ZOHIKKFDITE 2D 2 Lo
TR0V IRT I ENTE S,
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