SKEW REES RINGS WHICH ARE MAXIMAL ORDERS
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ABSTRACT. Let R be a Noetherian prime Goldie ring, be an automorphism & andX be
an invertible ideal oR. In this paper, we define th@; X) —maximal order and show that a
skew Rees rin@R[Xt; g] is a maximal order if and only iR is a(o; X) —maximal order, which
is proved by using the complete descriptiorvefideals ofR[Xt; o]. We give some examples of
(o;X)—maximal orders which are not maximal orders (eventeemaximal orders) and also
of o—maximal orders but nato; X)—maximal orders.

1. INTRODUCTION

Throughout this papeR is a Noetherian prime ring with quotient rir@@ (in another word,
R is a Noetherian order in a simple Artinian rigQ), o is an automorphism dR andX is an
invertible ideal ofR.

Put

S=R[Xt,0] =R XtaX2®... o X" ...
which is a subset of the skew polynomial riRgt, o] in an indeterminaté. If Sis a ring, then
it is called askew Rees ringssociated tX. In this caseSandR[t; o] have the same quotient
ring Q(S) = Q(RJt; a]) which is a simple Artinian ring.

The aim of this paper is to obtain a necessary and sufficient conditioSgddse a maximal
order and to describe the structurevefideals ofS (Theorem 9 and Proposition 11). As appli-
cations, we give a necessary and sufficient conditionSforbe a generalized Asano ring and
a unique factorization ring in the sense of [1], respectively (Corollary 12). These are done by
using a complete description ef-ideals inQ(S).

Furthermore we give some examples of rings which @eX) —maximal orders but not
maximal orders (even nat—maximal orders). This mear$is a maximal order buR[t; o]
is not a maximal order. We also give examples of rings whichcarenaximal orders but not
(0;X) —maximal orders.

Generalized Rees rings were studied8hand [15 underPI conditions and in the book
[16], they summarized them from torsion theoretical view points uRdl@onditions. Recently
Akalan proved in2] that if Ris generalized Asano ring witRl conditions, then so iS, which
motivates us to study skew Rees rings. Note we do not assume in this pagestiefiesP|
conditions.

In [2] Akalan defined generalized Dedekind prime ridlt turns out thaR is a generalized
Dedekind ring if and only if it is a maximal order and amyideal is invertible. In this paper,
we say thaRis ageneralized Asano ringjit is a generalized Dedekind ring in the sense)f
because one-sided-ideals are not necessarily projective.

We refer the readers to the bodRk<)] or [13] for order theory.

The detailed version of this paper will be submitted for publication elsewhere.
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2. (0;X)—MAXIMAL ORDERS

First we introduce some notation. For any (fractional) righideall and leftR—idealJ, let

(Ri)={geQlal R} and (R:J)r ={q€Q[JgC R}
which is a left (right)R—ideal, respectively and
lv=(R:(R:I)), andJ=(R:(R:J)),

which is a right (left)R—ideal containing (J). 1(J) is called aright (left) v—ideal if 1, =1
(WJ=1J). In casel is a two-sidedR—ideal, it is said to be &—idealif I, =1 =l, and ifl CR,
we just sayl is av—ideal of R. An R—ideal A is said to bev—invertibleif ((R: A))A) = R=
(A(R: A)r)y. We start with the following elementary lemma, which is frequently used in the
paper.
Lemma 1. Let A be an Rideal and | be a right Rideal.

(1) If A 'is v—invertible, then @A) = R= O(A) and (R: A), = A1 = (R: A);, where

A1={gec Q| AqAC A}.
(2) (IAv)y = (IA)y. If Alis v—invertible, then(lLAy)y = (1A)y.

The following proposition is one of the crucial properties which shows a relation between
ideals ofR and ofS.

Proposition 2. (1) S=R[Xt; 0] is aring if and only ifo(X) = X. In this case, S is also
Noetherian.
(2) Suppose(X) = X.
(i) Leta be an deal of R. Then

a[Xt;0] = a@aXt@aX?t?@ .. eaX"t" s ...

is an ideal of S if and only if ¥ (a) = aX.
(if) Leta be an R-ideal in Q with Xo(a) = aX. Thena[Xt; g] is an S-ideal in (S).

In the remainder of this paper, we assume $atR[Xt; g] is a ring and pul = Q[t; o], the
skew polynomial ring ove®. Note thatT is a principal ideal ring[B, Corollary 62.2] or [12,
Corollary 23.7]) and we use this property to stuy-ideal.

Lemma 3. Let | be a right S-ideal and J be a left Sideal. Then
@) (T:T) =T(S: 1) and(T : TI); =(S:J)(T.
(3) If I’ is a right ideal of T, then’l= (I'NST. If I’ is an essential right ideal, then
(I'ngy=1"NS.

It is very important to investigate prime v-ide&f Sand there are two case whetlieh R
is (0) or not. In casé>N R = (0), we have the following by using Lemma 3.

Lemma 4. Let T = Q|t; g]. There is a1 — 1)—correspondence between
Speg(S) = {P: primeidealof §PNR=(0)} and Spe¢T)
via P— PT, P — P'NS. In particular, P is a wideal.
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To express the cadeN R # (0), we need some preliminaries. Letbe a rightR—ideal.
Thena[Xt;0] = a® aXtd...®aX"t"@ ... is a rightS—ideal. Similarly for any leflR—idealb,
S=bDtXbD...t"X"6 D ... is a leftS—ideal.

Lemma 5. Leta be a right R-ideal andb be a left R-ideal. Then
(S:a[Xt;0])) =SR:a) and (S: Sb); =(R:b),S
In particular, (a[Xt; o)y = ay[Xt; o] andy(Sb) = S;b.

It is well known thato is naturally extended to an automorphism@R[t; ]) by o(f(t)) =
tf(t)t=1 for any f(t) € R[t; o]. Note thato induces an automorphism &f Let a be an ideal of
R. We showed in Proposition 2 thafXt; o] is an ideal ofSif and only if Xo(a) = aX which
is crucial property forSto be a maximal order. In general, a subkef Q(S) is said to be
(o;X)—invariantif Xa(l) =1X.

R is said to be ao;X)—maximal orderif Oj(a) = R= O¢(a) for any (o;X)—invariant
ideal of R. If Ris a(0g;X)—maximal order, then it is proved th&j(a) = R= O (a) for any
(0;X)—invariantR—ideala. Hence(R: a); =a ! = (R:a), wherea 1 ={qe€ Q | aga C a}
anday = a~ 171 = ,a follows.

Let Dy x (R) be the set of al(o; X)—invariantv—ideals. For any, b € Ds x(R), we define
aob = (ab)y. Then we have the following whose proof is similar to one in the maximal orders
([12, (2.1.2)]).

Proposition 6. Let R be a(o; X)—maximal order in Q. Then Px(R) is an Abelian group
generated by maximdb; X)—invariant v—ideals of R

The following lemmas show how to obtain prime idealsSdrom ideals ofR and how to
connect ideals obwith ideals ofR.

Lemma 7. Suppose R is &0; X)—maximal order in Q. Lep be a maximal o; X)—invariant
v—ideal of R Then P=p[Xt; g] is a prime ideal and it is a videal.

Lemma 8. Suppose R is é0; X)—maximal order in Q. Let A be an ideal of S with-AA, and
a=ANR# (0). Then
(1) A anda are (o; X)—invariant.
(2) A= a[Xt; o] and is v-invertible.
Theorem is proved by mainly using Lemmas 3 and 8.

Theorem 9. Let R be a Noetherian prime ring with its quotient ring @be an automorphism
of R and S= R[Xt; 0] be a skew Rees ring associated to X, where X is an invertible ideal with
o(X) = X. Then R is d0;X)—maximal order if and only if S R[Xt; o] is a maximal order in

Q(S).
3. APPLICATIONS, EXAMPLES AND CONJECTURES

As applications of Theorem 9, we give a necessary and sufficient conditioSgddre a
generalized Asano ring and a unique factorization ring (a UFR). Furthermore we give Noether-
ian prime rings which argéo; X) —maximal orders (but not maximal orders) gd X ) —maximal
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orders (but noo—maximal orders) where an ordBris called ac—maximal orderif for any
ideala with o(a) = a, Oj(a) = R= O (a).

If Ris a(o; X)—maximal order, the®is a maximal order and 99(S), the set of alv—ideals
in Q(S), is an Abelian group generated by prinieideals ofS (see[12, Theorem 2.2)).
Note that any maximav—ideal of Sis a primev—ideal and the converse is also true. The
set of principalS—ideals inQ(S) is a subgroug?(S) of D(S). The factor grou(S)/P(S) is
called theclass groupof Sand denoted bg(S). Similarly Py x (R), the set of o; X)—invariant
principal R—ideals inQ is a subgroup oD x(R) andCy x (R) = Do x(R)/Psx(R) is called
the (o; X)—class groupof R.

First we describe the structurewfideals inQ(S) as follows (this is proved by using Lemma
8 and[12, (2.3.11)]):

Proposition 10. Suppose R is &0;X)—maximal order and let A be a~ideal in Q(S). Then
A =t"wa[Xt; o] for somea € Dy x(R), we Z(Q(T)) the center of @QT) and n is an integer.

The statement (1) of Proposition 11 follows from Lemmas 3 and 8. To prove the second
statement, consider the mappifig Dy x (R) — D(S) given by ¢ (a) = a[Xt; 0] for any a €
Do‘)((R)

Proposition 11. Suppose R is é0; X)—maximal order. Then

(1) D(S) = Dg x(R) &D(T).
(2) C(9) = Cox(R).

An orderRis called ageneralized Asano rinja G-Asano ring if it is a maximal order and
everyv— ideal of R is invertible. SimilarlyR is called ageneralized(o; X)—Asano ring (a
G — (o;X)—Asano ring)if it is a (o; X)—maximal order and everfo; X)—invariantv—ideals
of Ris invertible. IfRis aG — (o;X)—Asano ring, therSis a G—Asano ring by Proposition
10. The converse is also true which is proved by using Lemma 5.

In [1], they defined a non-commutative unique factorization ring (a UFR). It turns out that an
orderis a UFR if and only if itis a maximal order and everyideal is principal. We can define,
in an obvious way, the concept of a; X)—UFR and it follows from Proposition 11 th&is a
(0;X)—UFR if and only ifCy x (R) = (0). Hence we have

Corollary 12. (1) Ris a G- (0;X)—Asano ring if and only if S= RXt; 0] is a G-Asano
ring.
(2) Risa(o;X)—UFR ifand only if S is a UFR.
Now we give some examples 0&; X)—maximal orders but not maximal orders (even not

o—maximal orders). We also give examplesafmaximal orders but noto; X)—maximal
orders. The first example is a trivial case.

Examplel. Any Noetherian maximal ordeR is a (o; X)—maximal order and & —maximal
order. Henc& andR[t; o] are maximal orders (Theorem 9 and [12, Theorem 2.3.19]).
Let Rbe an HNP ring satisfying the following conditions :

(a) Thereis a cycleny,my,...,my (n > 2) such thap = m; NmyN...Nmy is principal, say
p = aR= Rafor somea < p.
(b) Any maximal ideal different fronm;(1 <i <n) is invertible.
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See[1] for examples of HNP rings satisfying conditions (a) and (b). Define an automorphism
o of Rby o(r) = ara~! for r € R. Then it follows from[1] that

(1) o(my) =myp,...,0(mp) =my and
(2) g(n) =nfor all maximal ideals: with n # m; (1 <i <n).

Example2. Supposdris an HNP ring with the conditions (a) and (b).

(1) PutX =n'...nX, wheren; are maximal ideals different from; (1 <i <n). ThenRis a
(og; X)—maximal order which is not a maximal order (in fact, it i&a- (o; X)—Asano
ring as well as ar — G—Asano ring), but it is & — G—Asano ring. Henc&andR[t; 0]
areG—Asano rings.

(2) PutX =p. Then

(i) If n=2, thenRis not a(o; X)—maximal order and s8is not a maximal order.
(i) If n> 3, thenRis a(o;X)—maximal order and s8is a maximal order (in fact, it
is aG—Asano ring).

As in Example 2, puX = p. Then sinces(m;j) = XmiX~1, we haveXo~(m;) = m;X and
soRis not a(o~1; X)— maximal order. Hence we have

Remark 1 Under the same notation and assumptions as in Exanfgle & = RXt;071] is
not a maximal order anR[t; 01| is a maximal order.

Next we give examples of rings which afe; X)—maximal orders but nor—maximal or-
ders.

Letk be a field with automorphisra and letK = (
k k

Kk ) , the ring of 2x 2 matrices over

o(@) oa(b)

) , Whereq =
o(c) o(d)

k. Then we can extend to an automorphism df by o(q) = (

< a b > LetU = K[x; o] andl = eK+xU, wheree = ( 1o
cd 00
maximal right ideal oJ with Ul =U. We consideR= {uc U | ul C I}, the idealizer of.
By [13, Theorem 55.10], Ris an HNP ring and is an idempotent maximal ideal & We
note thaR = K(1—e) + eK+xU. R has another idempotent maximal iddat+ K(1—e) +xU,
which is ag—invariant maximal left ideal o) with JU =U. PutX =1NJ=eK(1—e)+xU.
SinceOr (1) =U = 0/(J) andO;(J) = x (eK(1—e)) +R=0(1), {I,J} is a cycle andX is
an invertible ideal oR by [5, Proposition 5.

>. Thenl is ao—invariant

Example3. Under the same notation and assumptions,

(1) Ris not ac—maximal order an®[t; o] is not a maximal order.
(2) Ris a(o;X)—maximal order anis a maximal order (in facSis aG—Asano ring).
Furthermore
(i) If ois of infinite order, therXXSandXtSare only primev—ideals ofS.
(ii) If o is of finite order, say, then there are infinite number of priieideals ofS.
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Remark 2 There exist some examples of maximal orders which aréareAsano rings 2,
Example 34] and[11, Exampld).

Remark 3 In Examples 2 and 3, the rings are all HNP rings. However, by using examples in
[10] we can providd o; X)—maximal orders which are neither HNP rings nor maximal orders.
We will show them in detail in the forth-coming paper.

Finally we introduce a conjecture concerning skew Rees rings.

Problem Let S= R[Xt; 0,d] be a subset of an Ore extensiBft; g,d|, whered is a left o-
derivation ofR. Then what is a necessary and sufficient conditiorSitto be a maximal order
or a generalized Asano ring?
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