ON SEPARABLE POLYNOMIALS IN SKEW POLYNOMIAL RINGS
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ABSTRACT. Let B be a ring with identity element 1 of prime characteristic p, D a
derivation of B, and B[X; D] the skew polynomial ring in which the multiplication is
given by aX = Xa + D(«) for any o € B. We consider a condition for X? — Xa —b €
B[X; D] to be a Galois polynomial.

1. INTRODUCTION

This is based on a joint work with S. Ikehata [17].

In [12, 13, 14], T. Nagahara has studied separable and Galois polynomials of degree 2
in skew polynomial rings. He got several interesting results. The pourpose of this paper is
to give a generalization of Nagahara’s result for polynomials of degree 2 to general prime
degree p.

Throughout this paper, B will mean a ring with identity element 1 and D a derivation
of B, that is, D is an additive endomorphism of B such that D(«af) = D(«)S 4+ aD(p)
for any o, 5 € B. We assume that B is of prime characteristic p. Let B[X; D] be the
skew polynomial ring in which the multiplication is given by aX = Xa + D(«) (a € B).

A ring extension A/B is called separable if the A-A-homomorphism of A ®p A onto
A defined by a ® b — ab splits, and A/B is called Hirata separable if A @p A is A-A-
isomorphic to a direct summand of a finite direct sum of copies of A. It is well known
that a Hirata separable extension is a separable extension.

Let f be a monic polynomial in B[X; D] such that fB[X; D] = B[X;D|f, then the
residue ring B[X; D]/fB[X; D] is a free ring extension of B. If B[X;D]/fB[X; D] is
a separable (resp. Hirata separable) extension of B, then f is called a separable (resp.
Hirata separable) polynomial in B[X; D]. These provide typical and essential examples
of separable and Hirata separable extensions. K. Kishimoto, T. Nagahara, Y. Miyashita,
G. Szeto, L. Xue, and S. Ikehata studied extensively separable polynomials in skew poly-
nomial rings. In [11], Y. Miyashita gave characterizations of separable and Hirata sep-
arable polynomials of general degree by the theory of (*)-positively filtered rings. He
gave a method to study polynomials of general degree in skew polynomial rings. Then in
[1, 2, 3, 4], Ikehata studied separable polynomials and Hirata separable plolynomials in
skew polynomial rings by making use of Miyashita’s method. Recently, the author and
Ikehata gave an alternative proof of Miyashita’s theorem in [16].

A ring extension A/B is called a G-Galois extension, provided that there exists a
finite group of G' of automorphisms of A such that B = A% (the fix ring of G in A) and
> zio(y;) = 01, for some finite number of elements xz;, y; € A. We call {z;, y;} a G-Galois
coordinate system for A/B. It is well known that a G-Galois extension is a separable

The detailed version of this paper will be submitted for publication elsewhere.
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extension. Let f be a monic polynomial in B[X; D] such that fB[X; D] = B[X; D|f, then
f is called a Galois polynomial in B[X; D] if B[X; D]/fB[X; D] is a G-Galois extension
over B for some finite group G.

We shall use the following conventions:

Z = the center of B.

U(Z) = the set of all invertible elements in Z.

BP ={a e B| D(a) =0}, ZP ={a € Z | D(a) = 0}.

B[X; D]y = the set of all monic polynomials g in B[X; D] such that ¢B[X;D] =
BIX: Dlg.

2. GALOIS POLYNOMIALS IN B[X; D]

In [12, 13, 14], T. Nagahara has studied separable and Galois polynomials of degree 2
in skew polynomial rings. He proved the following

Proposition 1. ([12, Theorem 3.7]) Assume 2 = 0, and let f = X? — Xa — b be in
B[X;Dly. Then f is a Galois polynomial in B[X; D] if and only if there exists an
element s in U(Z) such that D(s) 4+ as = 1.

The purpose of this paper is to generalize the above result to the general prime degree.

We shall state some basic results which were already known. The following is easily
verified by a direct computation.

Lemma 2. ([1, Corollary 1.7]) Let f = X? — Xa — b be in B[X;D|. Then f is in
B[X; Do, that is, fB[X; D] = B[X;D]f, if and only if

(1) a € Z7, andbEBD

(2) D?(a) — D(a)a = ab — b (a € B).

Concerning Galois polynomials, the following Kishimoto’s result is fundamental.

Lemma 3. ([9, Theorem 1.1 and Corollary 1.7], [6, Lemma 2.3]) Let f = X? — X — b be
in B[X; D]). Then f is a Galois polynomial over B.

Proof. For convenience, we outline the proof. Let A = B[X;D]/fB[X;D] and =z =
X + fB[X;D]. The mapping 0 : A — A defined by o(}_,2'd;) = > .(x + 1)'d; is a
B-automorphism of A of order p. Let G =< o >. It is easy to see that AG B. We put
here

;=i70(@) and b= (—ja (1<j<p—1).
Then the expansions of
1% “1(aj +b)=1 and I “(aj+ofD) =0 1<j<p—1)

enable us to see the existence of a G-Galois coordinate system for A/B. Thus, A is a
G-Galois extension over B.
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In general, if we consider a polynomial f = X? — Xa — b € B[X; D] and a # 1, it is
not easy to check whether f is a Galois polynomial or not.

Now, we shall generalize Nagahara’s theorem to general prime degree p case. In what
follows we fix the following.

Let f = X? — Xa — b be in B[X;D]. We put here A = B[X;D|/fB[X; D] and
r =X+ fB[X; D].

First we shall state the following lemma.

Lemma 4.

DP7HsP™hy = —s7H(sD)P"Y(s) for any element s in U(Z).

Then we can prove the following theorem which is a generalization of Nagahara’s the-
orem ([12, Theorem 3.7]).

Theorem 5. Let f = X? — Xa — b be in B[X;D]. If f is a Galois polynomial in
B[X; D] with a Galois group G =< o, > of order p, where os(x) = x + s~' with an
element s € U(Z), then s (sD)P~(s) +sP~ta = 1. Conversely, if there exists an element
s € U(Z) such that s71(sD)P~1(s) + s?"'a =1 then f is a Galois polynomial in B[X; D]
with a Galois group G =< o, > of order p, where o,(x) =z + s L.

The proofs of Lemma 4 and Theorem 5 are written in the detailed version of this paper
which will be submitted for publication elsewhere. Theorem 5 is proved by making use
of the following two formulas : For any s € Z,

(X +5) = XP+ s+ DPY(s), and
(sD)P = s"DP + (sD)p_l(s)D (the Hochschild’s formula).

Remark. In [12], T. Nagahara proved that if f = X? — Xa — b is a Galois polynomial
in B[X; D], then necessarily the order of the Galois group is 2. However, in general case
we do not prove yet that if f = X? — Xa — b is a Galois polynomial in B[X; D], then the
order of the Galois group is p.

In virtue of Lemma 4, we obtain the following corollary as a direct consequence of
Theorem 5.

Corollary 6. Let f = X? — Xa — b be in B[X; D)q). If there exists an element y € Z
such that DP~Y(y) —ya =1 and y = —sP~1 for some element s € U(Z), then f is a Galois
polynomial in B[X; D] with a Galois group G =< o, > of oreder p, where o4(z) = v+s7 .
Conversely, if f is a Galois polynomial in B[X; D] with a Galois group G =< o5 > of
order p, where o4(z) = x + s~ with an element s € U(Z), then DP~'(y) —ya = 1 and
y=—sP7 L.
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Corollary 7. Let f = X? — Xa—0b be in B[X; D]o. If there exists an invertible element
u € ZP such that uP~* = a, then f is a Galois polynomial in B[X; D] with a Galois group
G =< 0y-1 >, where o,-1(x) = x + u.

Finally we shall state the following theorem which is proved in [17].

Theorem 8. Let f = X? — Xa — b be in B[X; D]y. If there exists an element z € Z
such that D(z) is invertible in Z, then f is a Hirata separable polynomial in B[X; D]. In
addition, if z is an invertible element in Z, then, f is a Galois polynomial in B[X; D]
with a Galois group G =< 7 >, where 7(x) = x + D(2)z%.

Lastly, as a direct consequence of Theorem 8, we obtain the following

Corollary 9. If B is a simple ring and D|Z # 0, then f = X? — Xa — b in B[X; D]
is always a Hirata separable and Galois polynomial in B[X; D).

Corollary 10. If B is a field and D # 0, then f = X? — Xa — b in B[X; D] is always
a Hirata separable and Galois polynomial in B[X; D).
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