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Definitions and the notation

Notation

K: a commutative ring

N: the set of all natural numbers containing 0

Δ: a finite quiver

Δn: the set of all paths of length n(n ≥ 0) in Δ

Gn: a cyclic group of order n generated by tn

A⊗n := A⊗K A⊗K · · · ⊗K A for a K-algebra A

(the n-fold tensor product of A)

Rm
Δ : the two-sided ideal of KΔ generated by the all paths of

length m ≥ 1

Ae := A⊗K Aop: the enveloping algebra of A
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Definitions and the notation

Hochschild homology groups

Definition

The Hochschild complex is the following complex:

C(A) : · · · b−→ A⊗n+1 b−→ A⊗n b−→ · · · b−→ A⊗2 b−→ A −→ 0,

where the K-homomorphisms b : A⊗n+1 → A⊗n is given by

b(x0 ⊗ · · · ⊗ xn) =

n−1∑
i=0

(−1)i(x0 ⊗ · · · ⊗ xixi+1 ⊗ · · · ⊗ xn)

+ (−1)n(xnx0 ⊗ x1 ⊗ · · · ⊗ xn−1).

HHn(A) := Hn(C(A)): the n-th Hochschild homology group of

A (n ≥ 0).
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Definitions and the notation

Hochschild homology groups

If a unital algebra A is projective as a module over K, then there

is an isomorphism

HHn(A) ∼= TorA
e

n (A,A).

For a unital K-algebra A, the bar resolution Cbar(A) of A is

given by

Cbar(A) : · · · b′−→ A⊗n+1 b′−→ A⊗n b′−→ · · · b′−→ A⊗2 b′−→ A −→ 0,

where the differentials b′ are given by

b′(x0 ⊗ · · · ⊗ xn) =

n−1∑
i=0

(−1)i(x0 ⊗ · · · ⊗ xixi+1 ⊗ · · · ⊗ xn).
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Definitions and the notation

Cyclic group action

Let n be a positive integer. The action of Gn on the module A⊗n

is given by

tn · (x1⊗x2,⊗ · · ·⊗xn) := (−1)n−1(xn⊗x1⊗x2⊗· · ·⊗xn−1),

where xi ∈ A.

Let D := 1− tn and N := 1 + tn + t2n + · · ·+ tn−1
n as elements

of the group ring ZGn. Then

D : A⊗n −→ A⊗n

and N : A⊗n −→ A⊗n

are K-homomorphisms.
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Definitions and the notation

Cyclic homology groups

Definition
For a K-algebra A, the following is a first quadrant bicomplex
CC(A) of A: ⏐⏐�b

⏐⏐�−b′
⏐⏐�b

CC(A)∗,2 : A⊗3 D←−−−−− A⊗3 N←−−−−− A⊗3 D←−−−−−
⏐⏐�b

⏐⏐�−b′
⏐⏐�b

CC(A)∗,1 : A⊗2 D←−−−−− A⊗2 N←−−−−− A⊗2 D←−−−−−
⏐⏐�b

⏐⏐�−b′
⏐⏐�b

CC(A)∗,0 : A
D←−−−−− A

N←−−−−− A
D←−−−−−

CC(A)0,∗ CC(A)1,∗ CC(A)2,∗

HCn(A) := Hn(Tot(CC(A))): the n-th cyclic homology group

of A(n ≥ 0)
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Definitions and the notation

Truncated quiver algebra KΔ/Rm
Δ

By adjoining the element ⊥, we will consider the following set:

Δ̂ = {⊥} ∪
∞⋃
i=0

Δi.

This set is a semigroup with the multiplication defined by

δ · γ =
{

δγ if t(δ) = s(γ),

⊥ otherwise,
δ, γ ∈

∞⋃
i=0

Δi,

and

⊥ · γ = γ · ⊥ = ⊥, γ ∈ Δ̂.
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Definitions and the notation

KΔ̂ is a semigroup algebra and the path algebra KΔ is

isomorphic to KΔ̂/(⊥).
KΔ is Δ̂-graded, that is, KΔ =

⊕
γ∈Δ̂(KΔ)γ , where

(KΔ)γ = Kγ for γ ∈ ⋃∞
i=0Δi and (KΔ)⊥ = 0.

KΔ is N-graded, that is, KΔ =
⊕∞

i=0 KΔi.

Rm
Δ is Δ̂-graded and N-graded.

Thus a truncated quiver algebra A = KΔ/Rm
Δ is a Δ̂-graded and

N-graded algebra.

Tomohiro Itagaki and Katsunori Sanada Tokyo University of Science

The dimension formula of the cyclic homology of truncated quiver algebras over a field of positive characteristic

Introduction Hochschild homology and cyclic homology of truncated quiver algebras Main result Example

Aim

The cyclic homology of algebra is investigated for classes of

various algebras, for example,

2-nilpotent algebras (Cibils, 1990)

truncated quiver algebras over a field of characteristic zero

(Taillefer, 2001)

quadratic monomial algebras (Sköldberg, 2001)

monomial algebras over a field of characteristic zero (Han,

2006)

etc.

On the other hand, the cyclic homology is Morita invariant.
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Aim

Aim

Aim

Find the dimension formula of the cyclic homology of

truncated quiver algebras KΔ/Rm
Δ over a field K of positive

characteristic.
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Section 2

Hochschild homology and cyclic homology of
truncated quiver algebras
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Hochschild homology of truncated quiver algebras

Theorem(Sköldberg, 1999)

The following is a projective Δ̂-graded resolution of a truncated

quiver algebra A = KΔ/Rm
Δ as a left Ae-module:

PA : · · · di+1−→ Pi
di−→ · · · d2−→ P1

d1−→ P0
ε−→ A −→ 0.

Here the modules are defined by

Pi = A⊗KΔ0 KΓ(i) ⊗KΔ0 A,

P0 = A⊗KΔ0 KΔ0 ⊗KΔ0 A ∼= A⊗KΔ0 A,

where Γ(i) is given by

Γ(i) =

{
Δcm if i = 2c (c ≥ 0),

Δcm+1 if i = 2c+ 1 (c ≥ 0),
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Hochschild homology of truncated quiver algebras

Theorem(Sköldberg, 1999)

and the differentials are defined by

d2c(α⊗ α1 · · ·αcm ⊗ β)

=

m−1∑
j=0

αα1 · · ·αj ⊗ α1+j · · ·α(c−1)m+1+j

⊗ α(c−1)m+2+j · · ·αcmβ,

d2c+1(α⊗ α1 · · ·αcm+1 ⊗ β)

= αα1 ⊗ α2 · · ·αcm+1 ⊗ β − α⊗ α1 · · ·αcm ⊗ αcm+1β,

where αi ∈ Δ1 for i ≥ 1 and α, β ∈ A and ε is the multiplication.
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Hochschild homology of truncated quiver algebras

Cycle and Basic cycle

A cycle γ is called a basic cycle

if there does not exist a cycle δ such that γ = δj for some positive

integer j(≥ 2).

Δc
n: the set of all cycles of length n.

Δb
n: the set of all basic cycles of length n.
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Hochschild homology of truncated quiver algebras

Cycle and Basic cycle

Let a path α1 · · ·αn−1αn be a cycle, where αi is an arrow in Δ.

Then the action of Gn on Δc
n is given by

tn · (α1 · · ·αn−1αn) := αnα1 · · ·αn−1.

Similarly, Gn acts on Δb
n.

an: the cardinal number of the set of all Gn-orbits on Δc
n.

bn: the cardinal number of the set of all Gn-orbits on Δb
n.
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Hochschild homology of truncated quiver algebras

Hcohschild homology of truncated quiver algebras

L denotes the complex A⊗KΔe
0
KΓ(∗) which is isomorphic to

A⊗Ae PA by the following isomorphism ϕ:

ϕ : A⊗Ae PA
∼→ A⊗Ae Ae ⊗KΔe

0
KΓ(∗) ∼→ A⊗KΔe

0
KΓ(∗).

Since the complex L is decomposed into subcomplexes Lγ by

L ∼=
∞⊕

q=0

⊕
γ∈Δc

q/Gq

Lγ ,

the p-th Hochschild homology group of A is N-graded for p ≥ 0,

that is, the p-th Hochschild homology of A is given by

HHp(A) =
∞⊕

q=0

HHp,q(A).
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Hochschild homology of truncated quiver algebras

Hochschild homology of truncated quiver algebras

Theorem (Sköldberg, 1999)

Let K be a commutative ring, A = KΔ/Rm
Δ and q = cm+ e for

0 ≤ e ≤ m− 1. Then the degree q part of the p-th Hochschild
homology HHp,q(A) is given by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Kaq if 1 ≤ e ≤ m− 1 and 2c ≤ p ≤ 2c + 1,

⊕
r|q

(
K

gcd(m,r)−1 ⊕Ker

(
· m

gcd(m, r)
: K −→ K

))br

if e = 0 and 0 < 2c− 1 = p,

⊕
r|q

(
K

gcd(m,r)−1 ⊕ Coker

(
· m

gcd(m, r)
: K −→ K

))br

if e = 0 and 0 < 2c = p,

K#Δ0 if p = q = 0,

0 otherwise.
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Cyclic homology of truncated quiver algebras over a field of characteristic zero

Cyclic homology of truncated quiver algebras

Theorem (Taillefer, 2001)

Let K be a field of charactaristic zero. The cyclic homology group

of a truncated quiver algebra A is given by

dimKHC2c(A) = #Δ0 +

m−1∑
e=1

acm+e,

dimKHC2c+1(A) =
∑
r > 0

s.t. r|(c + 1)m

(gcd(m, r)− 1)br.
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Section 3

Main result
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Main result

Main result

Main result

Let K be a field of characteristic ζ and A = KΔ/Rm
Δ . Then the

dimension formula of the cyclic homology of A is given by, for
c ≥ 0,

dimKHC2c(A) = #Δ0 +

m−1∑
e=1

acm+e

+

c−1∑
c′=0

m−1∑
e=1

∑
r > 0

s.t. rζ|c′m + e

br +

c∑
c′=1

∑
r > 0

s.t. r|c′m,

gcd(m, r)ζ|m

br

+

c∑
c′=1

∑
r > 0

s.t. rζ| gcd(m, r)c′

(gcd(m, r)− 1)br,
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Main result

Main result

Main result

dimKHC2c+1(A) =
∑

r > 0

s.t. r|(c + 1)m

(gcd(m, r)− 1)br

+

c∑
c′=0

m−1∑
e=1

∑
r > 0

s.t. rζ|c′m + e

br +

c+1∑
c′=1

∑
r > 0

s.t. r|c′m,

gcd(m, r)ζ|m

br

+
c∑

c′=1

∑
r > 0

s.t. rζ| gcd(m, r)c′

(gcd(m, r)− 1)br.
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The outline of the proof

Cibils’ projective resolution

Lemma (Cibils, 1989)

Let I be an admissible ideal of KΔ. E denotes the subalgebra of

A = KΔ/I generated by Δ0. The following is a projective

resolution of A as left Ae-module:

QA : · · · → Qn
dn→ Qn−1 → · · · → Q1

d1→ Q0
d0→ A→ 0

where Qn = A⊗E (radA)
⊗n

E ⊗E A and differntials are given by

dn(x0⊗ · · · ⊗ xn+1) =

n∑
i=0

(−1)i(x0 ⊗ · · · ⊗ xixi+1 ⊗ · · · ⊗ xn+1)

for x0, xn+1 ∈ A, x1, . . . , xn ∈ radA.
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The outline of the proof

Cibils’ mixed complex

For the algebra A with a decomposition A = E ⊕ r, where E is a

separable subalgebra and r is a two-sided ideal, Cibils(1990) gives

the following mixed complex (A⊗Ee r
⊗n

E , b, B):

b : A⊗Ee r
⊗n+1

E → A⊗Ee r
⊗n

E is the Hochschild boundary and

B : A⊗Ee r
⊗n

E → A⊗Ee r
⊗n+1

E is given by the formula

B(x0 ⊗Ee x1 ⊗ · · · ⊗ xn)

=
n∑

i=0

(−1)in(1⊗Ee xi ⊗ · · · ⊗ (x0)r ⊗ · · · ⊗ xi−1),

where x0 = (x0)E + (x0)r ∈ E ⊕ r.

The cyclic homology groups of the mixed complex and the cyclic

homology groups of A are isomorphic.
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The outline of the proof

The cyclic homology groups of Cibils’ mixed complex is isomorphic
to the total homology groups of the following first quadrant
bicomplex:

⏐⏐�b

⏐⏐�b

⏐⏐�b

A⊗Ee r
⊗2
E B←−−−− A⊗Ee r

B←−−−− A ←−−−−⏐⏐�b

⏐⏐�b

⏐⏐�
A⊗Ee r

B←−−−− A ←−−−− 0 ←−−−−⏐⏐�b

⏐⏐�
⏐⏐�

A ←−−−− 0 ←−−−− 0 ←−−−−

Denote the above bicomplex by CE(A). For a truncated quiver

algebra A = KΔ/Rm
Δ , there exists the decomposition

KΔ/Rm
Δ = KΔ0 ⊕ radA.
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The outline of the proof

We consider the spectral sequence associated with the filtration of

FTot(CE(A)) given by

(F pTot(CE(A)))n =
⊕
i≤p

CE(A)i,n−i.

The cyclic homology groups HCn(A) is given by

HCn(A) ∼= Hn(Tot(CE(A))) ∼=
⊕

p+q=n

E2
p,q.

E1-page of the spectral sequence is drawn by the following

illustration:

HH2(A)
B←− HH1(A)

B←− HH0(A)
0←−

HH1(A)
B←− HH0(A)

0←− 0
0←−

HH0(A)
0←− 0

0←− 0
0←−

Tomohiro Itagaki and Katsunori Sanada Tokyo University of Science

The dimension formula of the cyclic homology of truncated quiver algebras over a field of positive characteristic

Introduction Hochschild homology and cyclic homology of truncated quiver algebras Main result Example

The outline of the proof

B : HHn(A)→ HHn+1(A)

We construct chain maps ι : PA → QA, and π : QA → PA which

induce isomorphism HHn(A) ∼= HHn(A) for n ≥ 0. We

consider B : HHn(A)→ HHn+1(A) as follows:

Sköldberg: A⊗KΔe
0
KΓ(n) A⊗KΔe

0
KΓ(n+1)

−→ ∼ ←
− ∼

A⊗Ae Pn A⊗Ae Pn+1−→ idA ⊗ ι

←
− idA ⊗ π

A⊗Ae Qn A⊗Ae Qn+1−→ ∼ ←
− ∼

Cibils: A⊗KΔe
0
radA⊗

n
KΔ0

B−→ A⊗KΔe
0
radA⊗

n+1
KΔ0
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Section 4

Example
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The cyclic homology of truncated cycle algebras

Let K be a field of characteristic ζ. We consider the cyclic

homoology of a truncated quiver algebra A = KΔ/Rm
Δ , where Δ

is the following quiver:

0
s− 1

s− 2

s− 3

2

1

αs−1 α0

αs−2
α1

αs−3

The truncated algebra A is called a truncated cycle algebra.

Note that ar and br is given by

ar =

{
1 if s|r,
0 otherwise,

br =

{
1 if s = r,

0 otherwise.
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The cyclic homology of truncated cycle algebras

For x ∈ R, we denote the largest integer i satisfying i ≤ x by [x].
The dimension formula of the cyclic homology of a truncated cycle
algebra A is given by

dimKHC2c(A)

= s +

[
(c + 1)m− 1

s

]
−

[cm
s

]
+

c−1∑
c′=0

([
(c′ + 1)m− 1

sζ

]
−

[
c′m
sζ

])

+

([
m

gcd(m, s)ζ

]
−

[
m− 1

gcd(m, s)ζ

]) c∑
c′=1

([
c′m
s

]
−

[
c′m− 1

s

])

+ (gcd(m, s)− 1)

[
gcd(m, s)c

sζ

]
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The cyclic homology of truncated cycle algebras

and

dimKHC2c+1(A)

= (gcd(m, s)− 1)

([
(c + 1)m

s

]
−

[
(c + 1)m− 1

s

]
+

[
gcd(m, s)c

sζ

])

+

([
m

gcd(m, s)ζ

]
−

[
m− 1

gcd(m, s)ζ

]) c+1∑
c′=1

([
c′m
s

]
−

[
c′m− 1

s

])

+

c∑
c′=0

([
(c′ + 1)m− 1

sζ

]
−

[
c′m
sζ

])
.
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The cyclic homology of truncated cycle algebras

When ζ = 0, the dimension of the cyclic homology of A is as

follows:

dimKHC2c(A) = s+

[
(c+ 1)m− 1

s

]
−

[
cm

s

]
,

dimKHC2c+1(A)

= (gcd(m, s)− 1)

([
(c+ 1)m

s

]
−

[
(c+ 1)m− 1

s

])
.
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The cyclic homology of truncated cycle algebras
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