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Introduction

R: a d-dimensional Cohen-Macaulay local ring with canonical module w
MCM: the category of maximal Cohen-Macaulay R-modules

(=) := Homp(—,w)

dm : M — MTT: the biduality homomorphism of M

The functor (—)' induces a self duality on MCM:

(=)' : MCM = MCM9P : ()T,

dp is an isomorphism if M € MCM.
We assume that all R-modules are finitely generated.
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Introduction

Theorem (Auslander-Buchweitz)

For any R-module M, there exists a short exact sequence

0-Y—=>X5M—=0
such that X € MCM and idg Y < oo.

e 7 is called a maximal Cohen-Macaulay (CM) approximation of M.
0 idrY < 00 & Exth(MCM, Y) = 0.

@ special MCM-preenvelope &l aximal CM approximation
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Introduction

Definition
Let u: M — X be an R-homomorphism with X € MCM.
(a) w is called an MCM-preenvelope of M if

Homg(p, X') : Homg(X, X") — Homg(M, X’)

is an epimorphism for any X’ € MCM.

(b) w is called a special MCM-preenvelope of M if u is an
MCM-preenvelope and satisfies Extk(Coker i1, MCM) = 0.

(¢) wis called an MCM-envelope of M if p is an MCM-preenvelope and
every ¢ € Endg(X) that satisfies ¢p = 1 is an automorphism.

The notions of MCM-precover, special MCM-precover, and MCM-cover
are defined dually.
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Introduction

Remark
© Every MCM-precover is an epimorphism.
@ a maximal CM approximation = a special MCM-precover

© an MCM-envelope = a special MCM-preenvelope = an
MCM-preenvelope
The first implication is due to Wakamatsu's lemma.

@ An MCM-envelope is unique up to isomorphism.
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Introduction

Theorem
o (Auslander-Buchweitz)
Every R-module has a special MCM-precover.
@ (Yoshino)
If R is Henselian (e.g. complete), then every R-module has an
MCM-cover.

Theorem [Holm]

Every R-module has a special MCM-preenvelope, and if R is Henselian,
every R-module has an MCM-envelope.

71 X — M : a special MCM-precover (resp. an MCM-cover) =
7tén : M — X1 . a special MCM-preenvelope (resp. an MCM-envelope)
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Introduction

Let m : X — M be an R-homomorphism such that X € MCM. By
definition, the following are equivalent.

@ 7 is a special MCM-precover.
@ ExtL(MCM, Ker7) = 0.
@ idr(Kerm) < 0.

Question

When is a given homomorphism g : M — X with X € MCM a special
MCM-preenvelope?

We give an answer to this question by using its kernel and cokernel.
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The structure of MCM-preenvelopes

Theorem A

Let 4 : M — X be an R-homomorphism such that X € MCM. TFAE
(a) pis a special MCM-preenvelope of M.
(b) codim(Ker ) > 0 and Extk(Coker 2, MCM) = 0.

(c) codim(Ker ) > 0, and there exists an exact sequence
0— S — Cokerpp — T — U — 0 such that
e codimS > 1, codim U > 2,
o T satisfies Serre’s condition (Sz),
o idg TT < 0o and TT satisfies Serre's condition (S3).

where, codim M := d — dim M.
Using Theorem A, we get

@ the result of the structure on the special proper MCM-coresolutions,
and

@ another characterization of special MCM-preenvelopes.
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The structure of MCM-preenvelopes

Example

Q Let M be an R-module with codim M > 0. Then y: M — 0 is a
special MCM-preenvelope.

Q Let x=x3,x2,...,X, be an R-regular sequence with n > 3. Consider
an exact sequence

0 M RgEn L) o R s 0.

Then p is a special MCM-preenvelope.

© Let K and C be R-modules with codim K > 0, codim C > 1 and
o € Ext3(C, K). o defines an exact sequence

0O-K-MEBFSC—0

with F a free R-module. Then p is a special MCM-preenvelope of M.
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The structure of special proper MCM-coresolutions

Definition
Let M be an R-module, and

0 M2 x0 8 x1 8 (*)

be an R-complex with X’ € MCM for each i. Put p® := §° and let
@' Coker 61 — X' be the induced morphism from ¢’ for i > 0.

o If each p' is a special MCM-preenvelope (resp. an MCM-envelope),
then we call (*) a special proper MCM-coresolution (resp. a minimal
proper MCM-coresolution) of M.

o For a minimal proper MCM-coresolution (*), Coker u/~1 is called an

i-th minimal MCM-cosyzygy of M, and it is denoted by Cosyzmcm' M.

@ We say a minimal proper MCM-coresolution (*) has length at most n
if X711 =0.

v
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The structure of special proper MCM-coresolutions

80=p° st

0—> ML X0 o2

AN

Coker §° Coker 61

Remark
Suppose R is Henselian.
@ A special proper MCM-coresolution and a minimal proper
MCM-coresolution exist for any R-module.
@ For a special proper MCM-coresolution (*),

o Coker ' are unique up to free summands, and
o Kerp' are unique up to isomorphism.

@ Minimal MCM-cosyzygies are unique up to isomorphism.
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The structure of special proper MCM-coresolutions
Theorem B

Suppose R is Henselian. Let M be an R-module and

0 M x0 8 x1 2

a special proper MCM-coresolution of M. Put ;0 := 6° and let

p' - Coker 5'~1 — X' be the induced homomorphisms. Then for each
i >0, one has

@ codim(Ker ') > i,

@ there exists an exact sequence

0—S — Cokerp' =TI = U'—0
such that

o codimS’ > i+ 1, codim U’ > i+ 2,
o T' satisfies (S,),
o idr(T") < oo and (T') satisfies (Siy3).
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The structure of special proper MCM-coresolutions

Suppose R is Henselian.

Corollary
For any R-module M,
° CosszCMdM =0 and
° CosszCMd_lM has finite length.

In particular, for any R-module M, the minimal proper MCM-coresolution
of M has length at most min{0, d — 2}.

Remark

This corollary refines a theorem of Holm:

For any R-module M, the minimal proper MCM-coresolution of M has
length at most min{0,d — 1}.
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Another characterization of special MCM-preenvelopes

Let 7 : X — M be an R-homomorphism such that X € MCM. TFAE
(1) 7 is a special MCM-precover of M.

(2) There exists an R-complex

Od— Od— o
C=0=Ci2 L 122 sa®aihc,-0
such that
e (; is a finite direct sum of w for 1 </ < d,
05_1:71',

o C is exact.
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Another characterization of special MCM-preenvelopes

Theorem C

Let u: M — X be an R-homomorphism such that X € MCM. TFAE
(1) pis a special MCM-preenvelope of M.
(2) There exists an R-complex
1 0 1 2 d—2
cC=0-ctis oSt s 28 855 i1l L0
such that

o Clisfreeforl <i<d-—1,
° 5_1:M,
o codimH/(C) > i+ 1 for any i.
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Outline of the proof of Theorem A

Theorem A
Let u: M — X be an R-homomorphism such that X € MCM. TFAE
(a) pis a special MCM-preenvelope of M.

(b) codim(Ker 1) > 0 and Extk(Coker 1, MCM) = 0.
(¢) codim(Ker ) > 0, and there exists an exact sequence
0— S — Cokerpp — T — U — 0 such that
e codim$S > 1, codim U > 2,
o T satisfies (Sy),
o idrTT < 0o and TT satisfies (S3).

(Outline of the proof of Theorem A)

The main part of the proof is the implication (a) = (c). Therefore we give

only the proof of (a) = (c).
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Outline of the proof of Theorem A

Lemma 1 (Holm)

If w: M — X is a special MCM-preenvelope, then uf : XT — MT is a
special MCM-precover.

Note: The corresponding result for special MCM-precovers does not hold:
7:a special MCM-precover % 7f:a special MCM-preenvelope
Lemma 2
For an R-module M, one has
e codim(Kerdp) > 0
@ codim(Cokerdy) > 1
o codim Exth(M' w) > 2.

Let i : M — X be a special MCM-preenvelope. By Lemma 1, uf is a
special MCM-precover. In particular, uf is an epimorphism.
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Outline of the proof of Theorem A
;
Take a short exact sequence 0 — Y — XT £5 Mt — 0. Applying (=)' to
this sequence, we obtain an exact sequence
t
0— Mt Lo X 5 v o Exth(MT,w) — 0.

Note that Y has finite injective dimension and satisfies (S3).
Because dxpu = 116y, we get another exact sequence
0 — Kerdp — Ker pp — Ker(uM) =0
— Coker 6y — Coker u — Coker(T) — 0.

This shows codim(Ker ;1) > 0. Combining these two sequences, we have
an exact sequence

0 — Coker dpy — Cokerpu — YT — Exth(M',w) — 0.

We show that this sequence satisfies the condition (c).
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Outline of the proof of Theorem A

We have only to show

o YT satisfies (S,),

e idg YTt < 0, and

o YT satisfies (S3).
This follows from the next result.
Lemma 3 (Araya-lima)

Let M be an R-module. If M satisfies (Sy), then dp : M — MiT is an
isomorphism.

Applying this lemma to Y, we conclude that Y satisfies the above
assertion. This shows the statement (c). O
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Thank you for your kind attention.
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