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A: f.d. algebra / field k.

Torsion class
T ⊂ mod A s.t. ∀0→ X → Y → Z → 0 in mod A,

1 X ,Z ∈ T ⇒ Y ∈ T ;
2 Y ∈ T ⇒ Z ∈ T .

Observation
tors A := {T torsion class ⊂ mod A} is a lattice for ⊆.

Observation
If B = A/I, π : tors A→ tors B, T 7→ T ∩mod B is a lattice quotient
[π(T ∨ U) = π(T ) ∨ π(U) and π(T ∧ U) = π(T ) ∧ π(U)].

Aim
Understand the quotient π : tors A→ tors B.

From now on, # tors A <∞.
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τ -tilting modules

Definitions
T ∈ mod A is

τ -rigid if HomA(T , τT ) = 0;

τ -tilting if it is τ -rigid and |T | = |A|;
support τ -tilting if ∃e ∈ A idempotent s.t. T is τ -tilting over A/(e).

sτ -tilt A := {basic support τ -tilting T ∈ mod A}/ ∼=.
For X ∈ mod A, Fac X := {Y | ∃Xn � Y }.

Theorem [Adachi-Iyama-Reiten]
1 Fac gives a bijection sτ -tilt A→ tors A (rem: # tors A <∞).

2 ∃T → U in Hasse(sτ -tilt A) ⇔ T ∼= T0 ⊕ X , U ∼= T0 ⊕ X ∗, X and
X ∗ indecomposable (or X ∗ = 0), X /∈ Fac T0 and

∃X u−→ U → X ∗ → 0,
u left min. add(T0)-approximation.
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Brick labelling

Brick
S ∈ mod A such that EndA(S) is a division ring.

Theorem [D-Iyama-Jasso, Asai, DIRRT]
1 For q : T → U in Hasse(tors A), ∃! brick Sq ∈ T s.t.

HomA(U , Sq) = 0;

2 q 7→ Sq gives a bijection {q : T → U , T is ∨ -irreducible} → brick A.
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Forcing order and brick labelling

Forcing
q, r ∈ Hasse1(tors A)
q  r if ∀π : tors A� L (lat. quot.), π contracts q ⇒ π contracts r .

Theorem [DIRRT]
1 q ! r ⇔ Sq ∼= Sr .

2  is an order on brick A.

Semibrick
{S1, . . . ,Sn} ⊂ brick A with HomA(Si , Sj) = 0 if i 6= j .

Theorem [DIRRT]
 on brick A is the transitive closure of

S  S ′ if S ′ ∈ Filt(S,S2, . . . ,Sn) \ Filt(S2, . . . ,Sn)
for {S,S2, S3, . . . ,Sn} semibrick.
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Algebraic quotients

Theorem [DIRRT]
π : tors A→ tors B with B = A/I.

1 π contracts arrows q of Hasse(tors A) s.t. ISq 6= 0 (i.e. Sq /∈ mod B).
2 If q is not contracted by π then S(A)

q = S(B)
q .
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Λ = C

 1 α // 2
β
(( 3

β∗
hh

 /(αβ, ββ∗, β∗β) Λ′ = Λ/(β∗)
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