
The Krull dimension of
composite power series

rings over valuation
rings

Minjae Kwon

Basic results

Main results

The Krull dimension of composite power
series rings over valuation rings

Minjae Kwon

Department of Mathematics
College of Natural Sciences

Kyungpook National University

50th Symposium on Ring Theory and Representation Theory

October 7th, 2017

Minjae Kwon: The Krull dimension of composite power series rings over valuation rings KNU



The Krull dimension of
composite power series

rings over valuation
rings

Minjae Kwon

Basic results

Main results

Definition

Let f : A→ B be a ring homomorphism and J an ideal of B. The
subring A ./ J of A× B is defined as follows:

A ./f J = {(a, f (a) + j) | a ∈ A and j ∈ J}

We call the ring A ./f J the amalgamation of A with B along J
with respect to f .

A ./f J
pA−−−−→ A

pB

y yf

B
π−−−−→ B/J

(1)

where π : B → B/J and pA(B) : A ./f J → A(B) are the canonical
projection.

Example

If B = A[[X ]](resp., A[X ]) and J = XI [[X ]](resp., XI [X ]), then
A ./f J = A + XI [[X ]](resp., A + XI [X ]).
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The Krull dimension of D

I D denotes an integral domain.

Definition

1. A chain
P0 ⊂ P1 ⊂ · · · ⊂ Pn

of prime ideals of D is said to have length n.

2. For an infinite set Γ, a chain

{Pi}i∈Γ

of prime ideals of D is said to have length | Γ |.

The Krull dimension

The Krull dimension of D, denoted by dim(D), is the supremum of
lengths of chains of prime ideals of D.
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Valuation rings

Definition

Let G be a totally ordered abelian group, and let K be a field. A
valuation of K with values in G is a onto mapping v : K\{0} → G
satisfying the following properties

1. v(xy) = v(x) + v(y), for all x , y ∈ K\{0}.
2. v(x + y) ≥ min(v(x), v(y)), for all x , y ∈ K\{0}.

The set {x ∈ K\{0} | v(x) ≥ 0} ∪ {0} is called a valuation ring
with value group G .

Definition

A valuation ring V is said to be discrete if each primary ideal of V
is a power of its radical. In addition, if a valuation ring V is called
a non-discrete if V is not discrete.

In this talk, denote V as a valuation ring.
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SFT-domains

Definition

An integral domain D is an SFT-domain (strong finite type
domain) if for each ideal I of D, there exist a finitely generated
ideal J ⊆ I of D and a positive integer n such that an ∈ J for all
a ∈ I .

I Every Noetherian domain is an SFT-domain.

I A finite-dimensional valuation domain is an SFT-domain if
and only if it is discrete.

I An SFT valuation domain is a discrete valuation domain, but
not vice versa.

I A class of non-SFT-domains contains non-Noetherian almost
Dedekind domains and finite-dimensional non-discrete
valuation domains.
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Ultrafilter

Definition

Let X be a set and U ⊂ P(X ). If U satisfies the following
properties, then U is called an ultrafilter.

1. The empty set is not an element of U.

2. If A and B are subsets of X such that A ⊆ B and A ∈ U,
then B ∈ U.

3. If A,B ∈ U, then A ∩ B ∈ U.

4. If A is a subset of X , then either A or X\A is an element of U.

In particular, if every element in U is an infinite set, then U is
called non-principal.
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Prime chain ordering

Definition(2011, Luper - Lucas)

A prime chain ordering is a pair of nontrivial relations (∼,�) on
an integral domain D where � is transitive and ∼ is an
equivalence relation satisfying the followings.

1. For each pair f , g ∈ D, exactly one of f � g , g � f and
f ∼ g holds. Especially, 1� 0.

2. f ∼ uf for each unit u ∈ D.

3. If g � f , then fg ∼ f and f + g ∼ g .

4. If g � f and h� f , then gh� f .

5. If f ∼ g , then fg ∼ f and either f + g ∼ f or f � f + g .

6. If e ∼ f , g � f and g ∼ h, then h� f , g � e and h� e.

For a given prime chain {Pi}, we can define g � f if there is
prime Pβ ∈ {Pi} such that f ∈ Pβ and g /∈ Pβ , and f ∼ g if for
each Pα ∈ {Pi} either f , g ∈ Pα or f , g /∈ Pα. Then the pair
(∼,�) is a prime chain ordering.
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Prime chain ordering(continued)

Theorem(2011, Luper - Locas)

Let (∼,�) be a prime chain ordering on an integral domain D
and let W = {d ∈ D | d � 0}.

1. For each nonempty subset S of W , the set
PS = {d ∈ D | s � d for each s ∈ S} is a prime ideal of D.
Moreover, PS = {d ∈ D | s � d for each s ∈ D\PS}.

2. Let P be the set of primes of the form PS . Then P is a chain
such that ∼ is ∼P and � is �P. Moreover, P is closed to
unions and intersections.
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A phi function

Theorem

Let V be a a one-dimensional nondiscrete valuation domain. Then
I is a non-SFT ideal if and only if I is the maximal ideal of V .

To make a prime chain ordering, we define a phi function. Let V
be a one-dimensional nondiscrete valuation domain and I be a
non-SFT ideal of V .

Definition

Let f (X ) =
∑∞

n=0 anX n ∈ V + XI [[X ]] and x ∈ R+,

φf (x) = min{v(ai ) + ix | i ≥ 0}

.
This function is called a phi function of f .

Minjae Kwon: The Krull dimension of composite power series rings over valuation rings KNU



The Krull dimension of
composite power series

rings over valuation
rings

Minjae Kwon

Basic results

Main results

Prime chain ordering on V + XI [[X ]]

Relations

Let D = {dn} be a strictly decreasing sequence of positive real
numbers such that limn→∞ dn = 0 and let U be a nonprincipal
ultrafilter on D.

1. f ∼U g if there are a positive integer m and a set Um ∈ U
such that φg (u) ≤ mφf (u) and φf (u) ≤ mφg (u) for each
u ∈ Um.

2. g �U f if for each positive integer m, there is a set Um ∈ U
such that mφg (u) < φf (u) for each u ∈ Um.

Theorem

Let V be a non-discrete rank one valuation ring, I be a non-SFT
ideal of V and V + XI [[X ]] be a composite power series ring. Then
the pair (∼,�) is a prime chain ordering on V + XI [[X ]].
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Convex set(2013, Luper - Locas)

Let C be the set of nonempty convex subsets of R2 such that each
A ∈ C satisfies all of the following properties.

1. For each (x , y) ∈ A, 0 ≤ x and 0 ≤ y .

2. There is the smallest integer n0 ≥ 0 such that (n0, y) ∈ A for
some y ≥ 0.

3. If (x , y) ∈ A, then n0 ≤ x , (x , z) ∈ A for all y ≤ z and there
is the smallest number w ≥ 0 such that (x ,w) ∈ A. Also,
there is a point (x , y) ∈ A with n0 < x .

4. The lower boundary of A is piecewise linear with each corner
point of the form (nm, αm) with nm an integer (and αm ≥ 0).

5. If there is an n0 < x such that no point of A has the form
(x , y), then there is the largest nonnegative integer nk and
αk ≥ 0 such that (nk , αk) ∈ A and (w , z) ∈ A implies
n0 ≤ w ≤ nk with αk ≤ z if w = αk .
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Relation between some continuous functions and
power series

Let C denote the set of continuous functions h : (0, 1]→ R+

satisfying the following conditions:

(1) limx→0+ h(x) = 0+.
(2) h′−, h′+ exists for each x > 0.
(3) h′+(x) ≥ h′−(y) ≥ h′+(y) ≥ h′−(z) for each 0 < x < y < z .
(4) there exists a positive integer m such that mh′+(x) ≥ h′−(x)
for each x > 0.
(5) limx→0+ h′(x) =∞.
(6) the set {δ | h′−(δ) 6= h′+(δ)} is countable and 0 is the limit
point of the set.
(7) h′′−(x) ≤ 0 and h′′+(x) ≤ 0 exist for each x > 0.

Theorem

Let h ∈ C. Then there is a power series f in the set
{g ∈ (V + XI [[X ]]) \ ((U(V ) + XI [[X ]]) ∪M) | limx→0+ φg (x) = 0}
such that h ∼ φf .
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Construction

Theorem

Let {fn} be a strictly ascending sequence and {gn} be a strictly
descending sequence in C such that fn � gn for each n ∈ N. Then
there exists a function h ∈ C such that fn � h� gn for each
n ∈ N.

S ′ = {f ∈ (V + XI [[X ]]) | limx→0+ φf (x) = 0} and [S ′] the set of
equivalence classes of power series in S ′ under the relation ∼.
Consider the set S ′0 consisting of all representatives in [S ′]. Then
[f ] 6= [g ] for distinct f , g ∈ S ′0; {[f ] | f ∈ S ′0} = [S ′]. Hence
(S ′0,�) is a totally ordered set.

Definition

Let (A,�) be a totally ordered set and B,C be subsets of A. We
say B � C if b � c for each b ∈ B and c ∈ C . A totally ordered
set (A,�) is called an η1-set if for any two countable subsets B,C
such that B � C , there exists an element a ∈ A such that
B � {a} � C .
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η1-set

Theorem

Let V be a one-dimensional nondiscrete valuation domain, I be a
non-SFT ideal of V and V + XI [[X ]] a composite power series ring.
Then the followings assertions hold.

1. For f , g ∈ V + XI [[X ]], Pf ( Pg if and only if g � f .

2. {Pf | f ∈ S ′0} is an η1-set.

Theorem(2015, Chang - Kang - Toan)

Let X be a nonempty set and let B = {Ai}i∈∧ be a nonempty
family of subsets of X . If B is totally ordered (under inclusion),
then so is the set B∗ = {

⋃
i∈I Ai | ∅ 6= I ⊆ ∧}. Furthermore, if B

contains an η1-set, then the cardinality of B∗ is at least 2ℵ1 .
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Results

Theorem

If V is a rank n discrete valuation domain and I is a nonzero ideal
of V , then

dim(V + XI [[X ]]) = n + 1.

Theorem

If V is a rank one nondiscrete valuation domain and I is a nonzero
ideal of V , then

dim(V + XI [[X ]]) ≥ 2ℵ1 .
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Unsolved problems

Question1

If D is a non-SFT ring, then

dim(D[[X ]]) ≥ 2ℵ1 .

Question2

If D is a non-SFT ring and for any nonzero ideal I of D, then

dim(D + XI [[X ]]) ≥ 2ℵ1 .
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Thank you for your attention!
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