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A/R : a ring extension A of R

Definition 1 (Nakayama-Tsuzuku, 1960).

A/R : a Frobenius extension of first kind
def⇔

(F1) AR : f.g. proj.

(F2) RAA
∼=R HomR(A,R)A
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Theorem 2. ∀ Frobenius extension of first

kind A/R

∃ a sequence of ring extensions

A0 = R ⊂ A1 = A ⊂ · · · ⊂ An ⊂ · · ·

s.t. Ai+1/Ai : Frobenius extension of first

kind for all i ≥ 0.

In fact, Ai+1 = EndAi−1
(Ai).
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Theorem 3. R : any ring

PR : f.g. proj.

Q := HomR(P,R)

Λ := EndR(P )

A ⊂ Λ subring s.t.

(1) QA : f.g. proj.

(2) APR
∼=A HomA(Q,A)R

⇒ Λ/A : Frobenius extension of first

kind.
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Proof. Λ = HomR(P, P ) ∼=
P ⊗R HomR(P,R) ∼= P ⊗R Q as

Λ-bimodules.

∴ ΛA
∼= P ⊗R QA : f.g. proj.

HomA(Λ, A) ∼= HomA(P ⊗R Q,A) ∼=
HomR(P,HomA(Q,A)) ∼= HomR(P, P ) ∼=
Λ as (A, Λ)-bimodules.
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