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Abstract. We observe the delta invariants of ideals. Auslander and Yoshino gave
characterizations of regular local rings in terms of the delta invariants of the maximal
ideal. In this paper, we generalize this result to ideals with some extra conditions and
give equivalent conditions of ideals to be parameter ideals of local rings. At the end of
this paper, we verify that Ulrich ideals satisfy the condition of the main theorem of this
paper.

1. Introduction

Let (R,m, k) be a Cohen-Macaulay local ring with a canonical module. The Auslander
δ-invariant δR(M) for a finitely generated R-module M is defined to be the rank of
maximal free summand of the minimal Cohen-Macaulay approximation of M . For an
integer n ≥ 0, the n-th δ-invariant is defined by Auslander, Ding and Solberg [2] as
δnR(M) = δR(Ω

n
RM), where Ωn

RM denotes the n-th syzygy module of M in the minimal
free resolution.

On these invariants, combining the Auslander’s result (see [2, Corollary 5.7]) and
Yoshino’s one [8], we have the following theorem.

Theorem 1 (Auslander, Yoshino). Let d > 0 be the Krull dimension of R. Consider the
following conditions.

(a) R is a regular local ring.
(b) There exists n ≥ 0 such that δn(R/m) > 0.
(c) There exist n > 0 and l > 0 such that δn(R/ml) > 0.

Then, the implications (a)⇔ (b)⇒ (c) hold. The implication (c)⇒ (a) holds if depth grm(R) ≥
d− 1.

Here we denote by grI(R) the associated graded ring of R with respect to an ideal I of
R. In this paper, we characterize parameter ideals in terms of (higher) δ-invariants.

Theorem 2. Let (R,m) be a Cohen-Macaulay local ring with a canonical module ω, having
infinite residue field k and Krull dimension d > 0. Let I be an m-primary ideal of R such
that I/I2 is a free R/I-module. Consider the following conditions.

(a) δ(R/I) > 0.
(b) I is a parameter ideal of R.
(c) There exists n ≥ 0 such that δn(R/I) > 0.
(d) There exist n > 0 and l > 0 such that δn(R/I l) > 0.

The detailed version of this paper has been submitted for publication elsewhere.
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Then, the implications (a) ⇒ (b) ⇔ (c) ⇒ (d) hold. The implication (d) ⇒ (c) holds if
depth grI(R) ≥ d− 1 and I i/I i+1 is a free R/I-module for any i > 0. The implication (b)
⇒ (a) holds if I ⊂ tr(ω).

Here tr(ω) is the trace ideal of ω. that is, the image of the natural homomorphism
ω⊗RHomR(ω,R) → R mapping x⊗f to f(x) for x ∈ ω and f ∈ HomR(ω,R). This result
recovers Theorem 1 by letting I = m.

There are some examples of ideals which satisfy the whole conditions in Theorem 2.
One of them is the maximal ideal m in the case where grm(R) is Cohen-Macaulay (for
example, R is a hypersurface or a localization of a homogeneous graded Cohen-Macaulay
ring.) Other interesting examples are Ulrich ideals. These ideals are defined in [3] and
many examples of Ulrich ideals are given in [3] and [4]. We shall show that Ulrich ideals
satisfy the assumptions of Theorems 2.

2. Sketch of the proof

Throughout this section, let (R,m, k) be a Cohen-Macaulay local ring of dimension
d > 0 with a canonical module ω, and assume that k is infinite. We recall some basic
properties of the Auslander δ-invariant.

For a finitely generated R-module M , a short exact sequence

(2.1) 0 → Y → X
p−→ M → 0

is called a Cohen-Macaulay approximation of M if X is a maximal Cohen-Macaulay R-
module and Y has finite injective dimension over R. We say that the sequence (2.1) is
minimal if each endomorphism ϕ of X with p ◦ ϕ = p is an automorphism of X. It is
known (see [1], [5]) that a minimal Cohen-Macaulay approximation of M exists and is
unique up to isomorphism.

If the sequence (2.1) is a minimal Cohen-Macaulay approximation of M , then we define
the (Auslander) δ-invariant δ(M) of M as the maximal rank of a free direct summand of
X. We denote by δn(M) the δ-invariant of n-th syzygy ΩnM of M in the minimal free
resolution for n ≥ 0.

We prepare some basic properties of delta invariants in the next Lemma; see [6, Corol-
lary 11.28].

Lemma 3. Let M and N be finitely generated R-modules.

(1) If there exists a surjective homomorphism M → N , then δ(M) ≥ δ(N).
(2) The equality δ(M ⊕N) = δ(M) + δ(N) holds true.

Lemma 4. Let N be a maximal Cohen-Macaulay R-module. Then δ1(N) = 0. In partic-
ular, δn(M) = 0 for n ≥ d+ 1 and any finitely generated R-module M .

We now remark on δ-invariants under reduction by a regular element. The following
lemma is shown in [7, Corollary 2.5].

Lemma 5. Let M be a finitely generated R-module and x ∈ m be a regular element on
M and R. If 0 → Y → X → M → 0 is a minimal Cohen-Macaulay approximation of M ,
then

0 → Y/xY → X/xX → M/xM → 0
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is a minimal Cohen-Macaulay approximation of M/xM over R/(x). In particular, it
holds that δR(M) ≤ δR/(x)(M/xM).

We prepare two more lemmas.

Lemma 6. Let l > 0 be an integer, I be an m-primary ideal of R and x ∈ I \ I2 be an
R-regular element. Assume that I i/I i+1 is a free R/I-module for any 1 ≤ i ≤ l and the
multiplication map x : I i−1/I i → I i/I i+1 is injective for any 1 ≤ i ≤ l, where we set
I0 = R. Then the following hold.

(1) xI i = (x) ∩ I i+1 for all 0 ≤ i ≤ l.
(2) I i/I i+1 ∼= I i−1/I i ⊕ I i/(xI i−1 + I i+1) for all 1 ≤ i ≤ l.
(3) I i/xI i ∼= I i−1/I i ⊕ I i/xI i−1 for all 1 ≤ i ≤ l.

Lemma 7. Assume d ≤ 1 and I is an m-primary ideal of R. If δ(I) > 0, then I is a
parameter ideal of R.

Now we can prove Theorem 2.

Proof of Theorem 2. (b) ⇒ (c): If I is a parameter ideal, then Ωd(R/I) = R and hence
δd(R/I) = 1 > 0.

(a), (c) ⇒ (b): Assume that δ(R/I) > 0. Then the inequality δ(I) > 0 also holds
because I/I2 is a free R/I-module and thus there is a surjective homomorphism I → R/I.
Therefore we only need to prove the implication (c) ⇒ (b) in the case n > 0. We show
the implication by induction on the dimension d.

If d = 1, then n = 1 by Lemma 4. Using Lemma 7, it follows that I is a parameter
ideal.

Now let d > 1. Take x ∈ I \ mI to be an R-regular element. Then the image of x in
the free R/I-module I/I2 forms a part of a free basis over R/I. This provides that the
map x : R/I → I/I2 is injective. We see from Lemma 5 that

δn−1
R/(x)(I/xI) = δR/(x)(Ω

n−1
R/(x)(I/xI))(2.2)

= δR/(x)(Ω
n−1
R (I)⊗R R/(x))

≥ δR(Ω
n−1
R I) = δnR(R/I) > 0.

Applying Lemma 6 (3) to i = 1, we have an isomorphism I/xI ∼= R/I ⊕ I/(x) and hence
we obtain an equality

δn−1
R/(x)(I/xI) = δn−1

R/(x)(R/I) + δn−1
R/(x)(I/(x)).

It follows from (2.2) that δn−1
R/(x)(R/I) > 0 or δn−1

R/(x)(I/(x)) > 0. Note that the ideal

I := I/(x) of R := R/(x) satisfies the same condition as (c), that is, the module I/I
2
is

free over R/I = R/I, because I/I
2
= I/((x)+I2) is a direct summand of I/I2 by Lemma

6 (2). By the induction hypothesis, the ideal I is a parameter ideal of R. Then we see
that I is also a parameter ideal of R.

The implication (c) ⇒ (d) is trivial. The implication (d) ⇒ (b) follows by induction
and similar argument. Finaly, the implication (b) ⇒ (a) follows from the proof of [6,
Theorem 11.42]. □
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Next, we prove that Ulrich ideals satisfies the assumption of Theorem 2. Let I be an
m-primary ideal of R. To begin with, let us recall the definition of Ulrich ideals.

Definition 8. We say that I is an Ulrich ideal of R if it satisfies the following.

(1) grI(R) is a Cohen-Macaulay ring with a(grI(R)) ≤ 1− d.
(2) I/I2 is a free R/I-module.

Here we denote by a(grI(R)) the a-invariant of a(grI(R)). Since k is infinite, the
condition (1) of Definition 8 is equivalent to saying that I2 = QI for some minimal
reduction Q of I.

Proposition 9. Let I be an Ulrich ideal of R. Then I l/I l+1 is free over R/I for any
l ≥ 1.

Proof. By definition, I/I2 is free over R/I. Take a minimal reduction Q of I. Consider
the canonical exact sequence

0 → I l/Ql → Ql−1/Ql → Ql−1/I l → 0

of R/Q-modules. Then Ql−1/Ql is a free R/Q-module and

Ql−1/I l = Ql−1/IQl−1 = R/I ⊗R/Q Ql−1/Ql

is a free R/I-module. Therefore

I l/Ql = ΩR/Q((R/I)⊕m) = ΩR/Q(R/I)⊕m = (I/Q)⊕m

for some m. Since I/Q is free over R/I, I l/Ql is also a free R/I-module. We now look
at the canonical exact sequence 0 → Ql/I l+1 → I l/I l+1 → I l/Ql → 0 of R/I-modules.
Then as we already saw, I l/Ql and Ql/I l+1 are both free over R/I. Thus the sequence is
split exact and I l/I l+1 is a free R/I-module. □
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