CENTRAL ELEMENTS OF THE JENNINGS BASIS AND
CERTAIN MORITA INVARIANTS
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ABSTRACT. From Morita theoretic viewpoint, computing Morita invariants is important.
We prove that the intersection of the center and the nth (right) socle ZS™(A) := Z(A)N
Soc™(A) of a finite-dimensional algebra A is a Morita invariant; This is a generalization
of important Morita invariants — the center Z(A) and the Reynolds ideal ZS!(A).

As an example, we also studied ZS™(F'QG) for the group algebra F'G of a finite p-group
G over a field F' of positive characteristic p. Such an algebra has a basis along the socle
filtration, known as the Jennings basis. We prove certain elements of the Jennings basis
are central and hence form a linearly independent set of ZS™(FG). In fact, such elements
form a basis of ZS™(FQ) for every integer 1 < n < p if G is powerful. As a corollary we
have Soc?(FG) C Z(FG) if G is powerful.
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(1.1) ZS"(A) = Z(A)NSoc" (A)

25 . Iy Z (A) % Reynolds £ 7 7V ZSH (A) o—ffbTdh b, FEHALET
b % (Theorem ), T TIHAN I N T S MthD (L & L TIIEREEE LOHRX
TERNFRZ TRER ICH L TEFE S N5 Kiilshammer 4 7 7 )VH3% 5 (2, 12, 13,

LD DUARMORLIUROGAICID L) A T7NVZEKREH b s, »WE
G2 HIRR, F 28 ofRBIEAKE 5. 990 Z (FG) ORIt PR
DEK(G) E—3L, Reynolds 4 7 7 ZSH (FG) DXILIFEY 2 7 —PEHHRIEDO B (G)
E—HT 5, FLHABHOMBPLOREEZ L, p 7> arDflDH Reynolds £ 77
WVORIRZ 79 (6], SSIBINRICE>T

(1.2) dim ZS? (FG) = ¢(G) + ) _ dim Extj(S, 5)

DD VOZ EdHISN TS (FEERICZ7ay 2712k U CREBEORDE D 372 2 £ 29R
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TableDIZE LD 5.
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TABLE 1. ZS" (FG) = Z (FG)NSoc" (FG) IZDOWTHILEN TS &

RIL LR
(FBLEwAY) (FEGIY)
Z(FG)  k(Q) HAFH DM
ZS"(FG) HH ARA
ZS?(FG) ((G)+ Y dimExt'(S,S) RKA
ZSYFQ) ((G) P ey ayofl

DEDE) BRI EDBHENTVEDT, —RICRICPEIENBED L ) I >TW 5 D)
ZHY 724> (Problem @). 541 Soc™ (FG) D2tk § 2 2 & B3—MITIZEHE L Vw23, G
23 p REDYFE I IIHERIVICI A 5 Jennings IR E SN2 b DD 5, 2T TZS" (FG)
ICOWTHREZHD 57201

lJennings FEE DTG\ OHLINIC 2 5 D>
ZIRT-, ZOFEH, H 2RI % L % Jennings FEE DTG HOLINTH 5 2 & HYNEH
TE7 (Theorem M), IS pHEBREAL L VIH)WEHZI-TH6IE, 2D X9 %It
D3 ZS™ (FG) DRI 5 2 & HEEHTE 7 (Theorem IF), [I0] THL N7 LD X9
RiGRICO W THAGE T RIS 2§ 2%

2. HEHAE &=

Theorem 1 (Sakurai [10]). A & B Z2ARMHFEZEGRIITLIERE §5, DL LR
ELTCDRB Z(A) — Z(B) TZS"(A) Z—HKIC ZS" (B) ~NETHDBFET 5. LK
2 dim ZS" (A) 3FHRHAZLETH 5.

Remark 2. A 77NN ZS™ (A)<QZ (A) 3HhiL Z (A) O EE 5D TR T IR,
Fo & 203 257 (A) WEEKIRE G 72 L ),
Proposition 3 (Sakurai [10]). F Z L8 p D, G ZzHREELE TS, ZDEEZneN
ICRL T
728" (FG) = Z5™ (F,G) ®g, F
NP RRVASS
EHTDfE & EDEPSRD X9 v 2E 2 2 DIZEKE DO TR R wh L Bbis,

Problem 4 (Sakurai [10]). G Z HIREE, p 208 |G| ORNEET S, ZDEEIneN
ISR LT 257 (F,G) ORE & LI % sk &

Remark 5. A 2@tk LOBRRBEOML RO 70y 7 L35, {¢ } ZERFHNEE
TLDEERERET S L

dim ZS" (A) < Z dime; Ae;/e; Rad™ (A) e;

RO VD EVEES B IS DRERINT w5,

VHIR p BEDBA 2R [0, Remark 4.9].
2GEE#ED A 5 4 N http://fuii.cec.yamanashi.ac.p/ring/kan/0ct7/Sakurai.pdf b S/,
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3. JENNINGS Pl

COBEDETIE F 2 b8 p o, GeARpHEEd5. DT, dlEZEET 5720
IZ Jennings BlERIC O W T E R Z L 2R B,
Definition 6. HA%i € NIZX L TG D i RITERDEE (H %\ 21 Jennings R EE) 7%
Di={gc€G|g—1¢€Rad (FG)}
TED S, INoZGORERMIHETHD, M D;/D;iy FEARTHAREIC 2 5,
Notation 7. D; 25 i Rt 94, ZOEEt=min{i e N| D, =1} &<,
D, > Di+1 Ee b1 <1 < tc:i‘j‘t, ﬁgil,...,giri e D; s {gijDi+1 ’ 1< j < T’i}iﬁ
Di/Dipy DH/NERR E 755 X9 ISGEY, BET 5. £ [ OHRFIBIT 2 RHUE
FOMZRT 2 LI2T 2,
Theorem 8 (Jennings). FEEEEL n 12X L
Soc" (FG)=EDF [] (g — D)™

1<i<t
1<j<r;

DL D NED, 77 LIEANZ
Z ilp—1—my) <n

1<i<t
1<5<r;
Proof. [10, Theorem 3.6(iii)] 2. [

Theorem 9 (Jennings, Brauer).

Di:{G (i=1)

Proof. 3, Theorem 5.5] Z*Ii, O
Definition 10. FG D%
!
{ [T (1™ |0 < my <p}

1<i<t

1<5<r;
% Jennings BEE & \» 9,

4. FEM

A CEA L 72 Notation @ 25| EHe Z H\» 5.
Theorem 11 (Sakurai [10]). s € N23 D, > [G,G] 27§ &5, ZDLE

H/ (955 — )™ H/ (g5 — D!

1<i<s s<i<t
1<5<r; 1<5<r;
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(4.1) zs"(FG) 2B F [ (g —v™ ] (g — D"
1<i<s s<i<t
1<j<r; 1<j<r;

DR LD, Fe 72 LIEANZ
Z ilp—1—my) <n

1<i<t
1<5<r;

Remark 12. Dy > |G, G] I &HIZL D 7D,
Remark 13. (BED) X D ny =1+ (p—1) Z ir; EBITIE

1<i<s
dim ZS™ (FG) > |G/ D
DL Y 3D,
Rl 2z p BED 7 7 Z2xt Ll (B80) THESPRLT 5 2 L 3b 5,

Definition 14 (Lubotzky-Mann [6]). G BIRZEFRE*TH 2 LI1X G? > [G,G] DD p > 2,
FRIFGI > [G,Q O p=2THB LRV,

Theorem 15 (Sakurai [I0]). G B3NEFREL S IFHEE 1 <n < p TR LT
2" (FG)=PF [ (@ -v™ [ (g — D"

1<5<m 2<i<t
1<j<r;

DI LD, 772 LIEAN
Z (p—l—m1])<n

1<j<r
27 TR0 <myy < p TRTUTDWTHLS,
Corollary 16 (Sakurai [10]). G B3N EFRE % 513 Soc? (FG) IFH0 Z (FG) &5,

5. BB
WwEBp 2, Gz p', NSHEB P DI AL T - AXT v )L pfE
G=p*? = (a,b|a” =" =1, b* = b'*P)

ET%, fhor=a—-1,y=b—-1z2z=c—1¢tEL, lLc=wTbs, ORI
RNREFRLTHY, ZDRIuHRIHEE

(51) D1:<a,b>, DQZ"':DPI<C>, Dp+1:1
L%, FTRRERTIENTES,

3powerful p-group DFGE, ERBEWVLEIHDT, ZDLIHITHRL 7.
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Z(FG) = @inyjzpfl @@sz

0<i4,j<p 0<k<p—1

Soc" (FG) = @ Falyl 2~

0<i,j,k<p
(p+2)(p—1)—(i+j+pk)<n
L7z2235C
(5.2) ZS" (FG) =P Fa'y " o @ F*
0<i,j<p 0<k<p—1
2(p—1)—(i+j)<n (p+2)(p—1)—pk<n
2155,

Remark 17. EOHITIE ZS™ (FG) DEEIE L LT alylzpt L 2k DOuo iz, (b6
b, —HRICIZHEIE & LT Jennings KD EEDHA S & I1FRS 2w I, 11],) 22
TADBHLNTH S Z EIXEBRPSHSDTH 203, 2iy/ P L BIHPLINTH 5 Z L ILE
#25 1XBH 5 2> T\, Theorem I 2iy 2P~ D L 9 BIEDITCIZEICHLINTS % &b
NXTW5,
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