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Motivations

@ k: an algebraically closed field of characteristic 0.
e P41 the d — 1 dimensional projective space over k.

Every quadric hypersurface in P4~ is isomorphic to

Projk[ml,...,m]/(m%-i-----I—a:?)

for some j =1,...,d.

When d = 3, there are exactly 3 isomorphism classes of conics.

Aim

Define and classify noncommutative conics. J
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Quantum polynomial algebras

Definition ([Artin-Schelter, 1987])
A d-dimensional quantum polynomial algebra is a noetherian connected
graded algebra S (S = ®,en Si, So = k) such that
Q gldim S =d < oo,
k- (i=d),
0 (i#d),
@ Hs(t) := 7% (dimy Si)tt = 1/(1 — t)%.

@ (Gorenstein condition) Ext (k, S) = {

Example
o If S is commutative, S: d-dimensional quantum polynomial algebra
&S S k[a:l,...,:vd].

o S:=k(x,y,z2)/(yz + 2y, zx + xz,xy + yx) is a 3-dimensional
quantum polynomial algebra.
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Geometric algebras

@ V: a finite dimensional vector space over k, RC V®V.
e T(V): the tensor algebra of V.

° V(R) :={(p,q) e P(V") xP(V*) | f(p,q) =0, Vf € R}.

Definition ([Mori, 2006])
Let S =T(V)/(R) be a quadratic algebra.

© A geometric pair (E, o) consistes of a projective scheme E C P(V*)
and an automorphism o € Aut E.

@ S satisfies (G1) (P(A) = (E,0)) <= 3(E,0): a geometric pair
such that V(R) = {(p,o(p)) € P(V*) x P(V*) | p € E}.

@ S satisfies (G2) (A = A(F,0)) :<= 3(F,0): a geometric pair such
that R={feVaV| f(p,olp)=0,VpeE}.

Q S: geometric ;<= S satisfies (G1), (G2) and S = A(P(S)).

Masaki Matsuno (Shizuoka University) Noncomm. conics in CY quantum P<’s | September, 2022 4/20



Geometric algebras
Example
o S =k[z1,...,1q) = A(P?1 id) is a geometric algebra.
o S = k{z,y,2)/ (2 + 23, 25 + 02,7y + yz) = A(E, 0)
is a geometric algebra where £ = V(z) U V(y) U V(z) C P? and
0(0,b,¢) = (0,b,—c)
o(a,0,c) = (—a,0,c)
o(a,b,0) = (a,—b,0).

@ 3-dimensional Sklyanin algebra

S = k(x,y, 2)/(ayz + Bzy +va?, azx + Brz + vy2, axy + Byx + v22)

is a geometric algebra with P(S) = (E, o) where
E=V(®+9y3+23 - dzyz) CP2 A= 0‘34;'6—;;'73 (elliptic curve),
o(q) :==p+q,p = (a,B,7) (translation).
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Geometric algebras

Theorem ([Artin-Tate-Van den Bergh, 1990])

Every 3-dimensional quantum polynomial algebra S = A(E,0) is
geometric where either E = P2 or E C P? is a cubic curve.

%%@<M<
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Twisted superpotentials

Definition

Let m € NT. Define a linear map ¢ : V€™ — VO™ by

PV VIR QU1 Q@ Up) = Uy, QU1 Q-+ ® Upp—2 @ Upy—1.
Q@ w € V®™ is called superpotential if

Hw) = w.
Q@ w € V®™ is called twisted superpotential if
(T ®1d®*™ Hp(w) = w

for some 7 € GL(V).
© The i-th derivation quotient algebra of w € V®™ is defined by

D(w,i) := T(V)/(0'w)

where 9%w is the “i-th left partial derivatives” of w.
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Twisted superpotentials

We fix a basis {z,y, z} for V.

Example

o w=uzyz+yzx + zay — (xzy + yrz + zyzx) is a superpotential,
D(w,1) = k(z,y,2)/(yz — zy, zx — zz,xy — yz) = k[z,y, 2]
o w=uxyz+yzx+ zay + (xzy + yrz + zyx) is a superpotential,
D(w,1) = k(z,y, 2)/(yz + zy, zx + z2, 2y + yx).
o w = a(ryz + yzzx + zxy) + B(xzy + yrz + 2zyz) +y(@2 + 33 + 23) is
a superpotential,

D(’LU, 1) =
k{z,y,2)/(ayz + Bzy + yx?, azx + Brz + vy?, axy + By + v22).
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Twisted superpotentials

Theorem ([Dubois-Violette,2007])

For every d-dimensional quantum polynomial algebra S, there exists a
unique twisted superpotential w such that S = D(w,d — 2).

Theorem ([Mori-Smith,2016])

Let w be a twisted superpotential such that S = D(w,d —2) is a
d-dimensional quantum polynomial algebra. Then S is “Calabi-Yau” if and
only if w is (—id)¥*+! twisted superpotential.

v

S: 3-dimensional quantum polynomial algebra

S is “Calabi-Yau” <= w : superpotential
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Twisted superpotentials

Theorem ([Mori-Smith,2017])

Superpotentials w such that D(w, 1) are 3-dimensional quantum
polynomial algebras are classified.

(Classification of 3-dimensional Calabi-Yau quantum polynomial algebras)

Theorem ([Itaba-M,2022])

Twisted superpotentials w such that D(w, 1) are 3-dimensional quantum
polynomial algebras are classified.

(Classification of 3-dimensional quantum polynomial algebras)
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Quantum projective spaces

Definition ([Artin-Zhang,1994])

A noncommutative schem is a pair X = (mod X, Ox) consisting of a
k-linear abelian category mod X and an object Ox € mod X.

Two noncommutative schemes X and Y are isomorphic, denoted by

X 2, if there exists an equivalence functor F' : mod X — modY such
that F(Ox) = Oy.

Example

If X is a commutative noetherian scheme, then we view X as a
noncommutative scheme by X = (coh X, Ox).
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Quantum projective spaces

Definition
Let A be a right noetherian connected graded algebra. The

noncommutative projective scheme associated to A is a noncommutative
scheme defined by Proj,. A := (tails A, mA) where

@ grmod A: the category of finitely generated graded right A-module,

@ tors A: the full subcategory of grmod A consisting of finite
dimensional modules over k,

o tails A := grmod A/tors A: the quotient category,
o 7 :grmod A — tails A: the quotient functor.

Example

If A is commutative and generated in degree 1 over k, then

Projuc A = Proj A.
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Quantum projective spaces

Definition
A quantum P?~! is a noncommutative projective scheme Proj,. S for
some d-dimensional quantum polynomial algebra S.

Theorem ([Itaba-M,2022])

For every 3-dimensional quantum polynomial algebra S, there exists a
3-dimensional Calabi-Yau quantum polynomial algebra S such that
Projne S = Projy S.

{quantum P?'s}= {“Calabi-Yau” quantum P?'s}
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Noncommutative conics

Definition

A noncommutative quadric hypersurface in a (Calabi-Yau) quantum P4—!
is the noncommutative projective scheme Projy. S/(f) for some
d-dimensional (Calabi-Yau) quantum polynomial algebra S and for some
regular central element f € S5.

When d = 3, we say that Proj,. S/(f) is a noncommutative conic.

Aim
We study and classify homogeneous coordinate algebras S/(f).
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Noncommutative conics

Theorem ([Hu,Hu-M-Mori])

Let S = A(FE, o) be a 3-dimensional Calabi-Yau quantum polynomial
algebra. Then Z(S)2 # 0 if and only if S is isomorphic to one of the
algebras in Table 1.

Table 1
defining relations Z(S)2

Yz — 2Y, ZX — TZ,TY — YT S9

yz — 2y + &2, 22 — T2, TY — Yx kx?
yz + 2y, zx + xz,xYy + yx kx? + ky? + k2?
yz + 2y + a2, zx + xz, vy + Yo kx? + ky? + k2>
yz + 2y + a2, 2 + 2z + Y2,y + yo kx? + ky? + k2>
yz 4+ 2y + Ao?, zx + 2z + A2, xy +yx + 22 | ka? 4 ky? + k2?

where \ € k such that A\ # 0,1, —8.
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Noncommutative conics

Table 2

defining relations lo| | Type

Yz — 2Y, 2T — TZ, TY — YT 1 P

yz — 2y + 22, 20 — T2, TY — YT 1| TL

Yz + 2y, 2T + T2, Y + yx 2 S

yz + 2y + 2%, zx + 2z, vy + ya 2 | 9

yz + 2y + a2, zx + 2z + Y2, vy + yx 2 | NC

yz 4+ 2y + Ao’ zo +xz + Ayl oy Fyr+ M2 | 2 | EC

where X\ € k such that A2 # 0,1, —8. In this case, £ = P? or

~ AT KL
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Noncommutative conics

Theorem ([Hu-M-Mori])

Let S = A(F,0) be a 3-dimensional Calabi-Yau quantum polynomial
algebra, 0 # f € Z(S)2, and A = S/(f). If Ais commutative, then
@ either E = P2 or E C P? is a triple line, and

@ A is isomorphic to one of the following algebras:

klz,y,2]/(2%), klz,y,2]/(a® +9%), klz,y,2]/(@® +y° +27).
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Noncommutative conics

Let

w9 = pyz 4+ yox + zay + (zzy + yzz + zyz) + (azd + by® + c2?)
Slabe) .= k(z,y,2)/(yz + zy + az?, zx + zz + by?, zy + yz + c2?)
= D(w(®*9) 1)

where (a,b,c) = (0,0,0),(1,0,0),(1,1,0), (A, A\, A), A3 # 0,1, 8.

Let Sym(3) be the symmetric group of degree 3 and

Sym3(V) := {w € V3 | - w = w for all § € Sym(3)}.

— Every w(**¢) belongs to Sym?(V).
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Noncommutative conics

Theorem ([Hu-M-Mori])

Let S = A(FE,0) be a 3-dimensional Calabi-Yau quantum polynomial
algebra, 0 # f € Z(S)2, and A = S/(f). If A is not commutative, then
Q |o| =2, and

@ S = D(w,1) for some w € Sym?® (V'), and A is isomorphic to
S [(aa? + By +722)

where (o, 8,7) € P2

Remark

There are infinitely many isomorphism classes of S(@:b:¢).
(How many isomorphism classes of A ?)
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Noncommutative conics

Example
Let
5(0:0,0) — k(z,y,2z)/(yz + zy, zx + 2,2y + yz),
S§1,0.0) — k(x,y,2)/(yz + zy + 22, 20 + x2, 2y + yz),
SO = k(z,y, 2)/(yz + 2y + 2%, 22 + 22 + 12, 2y + ya).
Then
o S(OO 0)/(962) ~ S(l 0,0)/( 2)
(2 S(lOO)/(y2) ~ (1,1,0)/( )
o S(OO 0)/(962 ) ~ S(l 00)/(x2 + y2) ~ 5(1’1’0)/(1'2 + y2)_
[ S(OOO)/(QU +y S ) 5(100)/(y2+22)_
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