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Abstract. For a finite-dimensional algebra Λ, Koenig and Yang established the bijec-
tion between silting objects of Kb(projΛ) and simple-minded collection of Db(modΛ)
[KoY], which is called ST-correspondence. The dg endomorphism of silting objects are
non-positive dg algebra, and the dg endomorphism of simple-minded collections are pos-
itive dg algebra. We establish Koszul dualities between locally finite non-positive dg
algebras and locally finite positive dg algebras. As a direct application of the theory of
Koszul dualities, we establish the bijection between silting objects and simple-minded
collections, and characterize length hearts via functorially finiteness.

1. Introduction

Let A be a dg algebra over a field k. We denote by D(A) the derived category of
A. The thick closure of A is denoted by per(A), and called perfect derived category
of A. We denote by pvd(A) the subcategory of D(A) consisting of A-module whose
underlying complex is perfect over k. Note that we have per(Λ) = Kb(projΛ) and
pvd(Λ) = Db(modΛ) for every finite-dimensional algebra Λ. It is one of the main subject
of representation theory that classify t-structures of pvd(A). The following theorem due
to Koenig and Yang is a very important.

Theorem 1. [KoY] Let Λ be a finite-dimensional algebra. Then the following sets corre-
spond bijectively:

(1) {iso classes of basic silting objects of Kb(projΛ)},
(2) {bounded co-t-structures on Kb(projΛ)},
(3) {iso classes of simple-minded collections of Db(modΛ)},
(4) {algebraic t-structures on Db(modΛ)}.
The above theorem was generalized to the case of proper non-positve dg algebras by

Su and Yang [SY], and proved for the case of locally finite non-positive homologically
smooth dg algebras by Keller and Nicolás [KeN2]. In this article, we prove this result to
every locally finite non-positive dg algebras by applying the theory of Koszul dualities.

2. Koszul dualities

In this section, we establish the Koszul duality between non-positive dg algebras and
positive dg algebras.

Definition 2. Let A be a dg algebra.

(1) A is called locally finite if H i(A) is finite-dimensional for every i ∈ Z.
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(2) A is called non-positive if H>0(A) = 0.
(3) A is called positive if H<0(A) = 0 and H0(A) is a semi-simple algebra.

Definition 3 (Koszul dual).

(1) Let A be a locally finite non-positive dg algebra. Then A! := REndA(topH
0A) is

called the Koszul dual of A.
(2) Let A be a locally finite positive dg algebra. Then A! := REndA(H

0A) is called
the Koszul dual of A.

The Koszul dual of locally finite non-positive dg algebra is locally finite positive dg
algebra, and the Koszul dual of positive dg algebra is non-positive. However, the Koszul
dual of locally finite positive dg algebra is not necessary locally finite. Therefore, we first
determine the subclass of locally finite positive dg algebras whose Koszul dual is locally
finite.

Proposition 4. [F2, Theorem 3.23] Let A be a locally finite positive dg algebra. Then
the following conditions are equivalent:

(1) The minimal subcategory of D(A) containing A and closed under taking extensions,
finite coproducts and direct summands has a projective generator,

(2) pvd(A) is Hom-finite,
(3) A! is locally finite.

A locally finite positive dg algebra A is called pvd-finite if A satisfies the equivalent
conditions in the above proposition. The following theorem is the main theorem of this
section.

Theorem 5. [F2, Theorem 4.4]

(1) Let A be a locally finite non-positive dg algebra. Then A! is a pvd-finite locally
finite positive dg algebra, and RHomA(−, topH0A) induces

per(A) pvd((A!)
op
)op⊂ ⊂

D−
fd(A) D+

fd((A
!)op)op

⊂ ⊂

pvd(A) per((A!)op)op.

≃

≃

≃

(2) Let A be a pvd-finite locally finite positive dg algebra. Then A! is a locally finite
non-positive dg algebra, and RHomA(−, H0A) induces

per(A) pvd((A!)op)op⊂ ⊂

D+
fd(A) D−

fd((A
!)op)op

⊂ ⊂

pvd(A) per((A!)op)op.

≃

≃

≃

The above theorem refines results in [LPWZ].



3. Applications

By Theorem 5 and [KeN1], we can establish the following ST-correspondence.

Theorem 6. [F1, Theorem 3.5] Let A be a locally finite non-positive dg algebra. Then
the following sets correspond bijectively:

(1) {iso classes of basic silting objects of per(A)},
(2) {bounded co-t-structures on per(A)},
(3) {iso classes of simple-minded collections of pvd(A)},
(4) {algebraic t-structures on pvd(A)}.

The above theorem simultaneously generalize the results of [KeV, KoY, KeN2, SY].
Next, we state an application of Koszul dualities and the above theorem to the functorially
finiteness of hearts.

Theorem 7. [F2, Theorem 5.12] Let T be a Hom-finite algebraic triangulated category.
Let L be a simple-minded collection of T such that FiltL has a projective generator.

(1) T ≃ pvd(A) for some locally finite non-positive dg algebra A.
(2) For a heart H of a bounded t-structure on T , the following conditions are equiva-

lent:
(i) H is contravariantly finite in T ,
(i)’ H is covariantly finite in T ,
(ii) H is functorially finite in T ,
(iii) H is a length category,
(iv) H has a projective generator,
(v) H ≃ modΛ for some finite-dimensional algebra Λ.

If A is isomorphic to a finite-dimensional algebra Λ whose global dimension is finite, the
above theorem has been shown in [SPP]. Note that the first part of the above theorem
gives a characterization of perfect valued derived category of locally finite non-positive dg
algebras among triangulated categories.
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